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Introduction 



0.1. Formulation of the main result. Let ki, k2 G Z_|_ be a pair of nonnegative 
integers, ki + 2k2 > 4. A smooth {ki + 2A;2)-dimensional complete intersection 



= Fi n . . . n Fk,+k2 c P = p2fci+3te 



of codimension k = ki + k2 in the projective space P over the field of complex 
numbers C, where Fj C P are hypersurfaces of degree 2 for i = 1, . . . ,ki and of 
degree 3 for i = ki + 1, . . . , k = ki + k2 will be called a Fano complete intersection of 
the type 2''^-3''\ Set M = ki + 2k2 = dimV. Obviously, V is a Fano variety of index 
one. Pic V = ^LH and Ky = —H, where H is the class of a hyperplane section. 

The main result of this paper is the following 

Theorem 1. Assume that k2 > 2 and either M = ki + 2k2 > 12, or the pair 
{ki, ^2) is one of the following five pairs: 

(5,3), (3,4), (1,5), (2,4), (0,5). 

Then a generic (in the sense of the Zariski topology on the space of coefficients of the 
polynomials, defining the hypersurfaces Fi, . . . , Ffc^+^jj Fano complete intersection 
V of type 2^^ ■ 3'^^ is birationally superrigid. In particular, 

(i) there is no rational dominant map 7: V --->• S onto a variety S of positive 
dimension, the generic fibre of which 7~"'^(s) is of negative Kodaira dimension, 

(ii) any birational map x'-V V onto a Fano variety V with Q-factorial 
terminal singularities and the Picard number ik Pic V = 1 is a biregular isomorphism, 

(iii) the group of birational automorphisms Bir V coincides with the group of 
biregular (projective) automorphisms Aut and for that reason is trivial. 
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The properties (i)-(iii) follow immediately from the birational superrigidity, see jl]. 
In its turn, the birational superrigidity (understood in the sense of equality of the 
virtual and actual thresholds of canonical adjunction, 

Cvirt(S) = c(S) = n, 

for any mobile linear system E C | — nKv\, see [1] for the definitions) follows 
immediately from the canonicity of every pair (V, ^S), where S C | — nKv\ is 
a mobile system, or, equivalently, from the fact that the linear system S has no 
maximal singularities. 

Up to this day, birational superrigidity was shown for Fano complete intersections 
of index one Fi Cl . . . (1 Fk under the condition that at least one degree deg -Fj > 4 
|2l |3]. Theorem 1 states the superrigidity for complete intersections V of quadrics 
and cubics under the assumption that dim V > 12 and there are at least two cubics 
and also for certain five families of complete intersections of dimension 10 and 11. 
Thus the problem of birational superrigidity (of a generic variety) remains open 
for several families of Fano complete intersections of dimension < 11 and for the 
following three infinite series: 

2-2-...-2, 2-2-...-2-3 and 2-2-...-2-4 

in the arbitrary dimension. Those varieties require further improvement of the 
techniques of the proof. 

In the next subsection we give a precise meaning to the condition of general 
position of the variety V in its family. The main difficulty in the proof of Theorem 1 
is to show that this condition does realize, that is, there is a non-empty Zarisky open 
subset in the space of parameters, corresponding to the varieties V, satisfying that 
condition. The very proof of birational superrigidity take a few pages (§1), almost 
all paper is devoted to the proof of the conditions of general position. 

In Sec. 0.3 we give a more detailed description of the structure of the paper, of 
the main idea of the proof of Theorem 1 and of the position of that theorem among 
the other results on birational rigidity. 

0.2. Conditions of general position. As usual, the conditions of general 
position (or the regularity conditions) are of local nature and should be satisfied 
at every point of the variety V. Let a E V G ¥ he some point, C^^^*"' C P a standard 
affine set with the coordinates {zi, . . . , ZM+k), where a = (0, . . . , 0). Let 

fi = qi,i + qi,2 

for i = 1, . . . , ki, he the equations of the quadrics Fi, . . . , Fk^ and 

fi = %! + ?i,2 + qi,3 

for i = ki + 1, . . . , ki + k2, the equations of the cubics -Ffci+i, . . . , F^, decomposed 
into homogeneous in z^, components. The tangent space ToV C C^^'^'^' is given be 
the system of equations 

= . . . = qk,i = 0. 
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We denote its projectivization ¥[ToV) = P^^ ^ by the symbol T. Set qij = qij\j. 
Let us introduce the following sets of pairs of indices: 

Ji = {{i,2)\l<t<k}, J2 = {{t,S)\h + l<i<h + k2} 

and J = Ji U J2- The first (traditional) regularity condition is formulated in the 
following way: 

(Rl) The system of homogeneous equations 

{qi,2 = 0\l<t<k} (1) 
defines in T a closed subset of pure codimension k, whereas the system of equations 

{%j = o\i{z,j)eJ} (2) 

defines in T either the empty set or a finite set of points, linearly independent in T. 

The last condition (on the linear independence) is a new addition to the usual 
regularity condition [2], [3], which requires only that the set ([2]) should be finite. It is 
clear that if the condition (Rl) is satisfied at the point o, then on V lie at most M 
lines, passing through that point. The second regularity condition was introduced 
in [3J. 

(R2) None of the irreducible components of the closed algebraic set ([1]) is contained 
in a linear subspace of codimension two in T. 

In |3j the condition (R2) was called correctness in the quadratic terms. 

To formulate the third regularity condition, we need some additional constructions. 
Assume that the set ([2]) is non-empty and denote it by the symbol A. Let 

=< 2 1 1 < ^ < A; > 

be the linear system of quadrics on T, S2 the linear system of cubics, consisting of 
all linear combinations of the form 

k ki+k2 

'^Si{z)qi^2+ ^ kqi,3, 

1=1 i=ki+l 

where Aj are constants and Si{z) = Si{z)\j are linear polynomials on T. Let 

P = S[ X . . . X X X . . . X 

V ' ^ V ' 

k-2 fc2-2 

be the space of all tuples of polynomials {gi, . . . , qm-a), where the first k — 2 
polynomials are taken from the space E|, and the last k2 — 2 from the space Sg. 
Now let us formulate the third and last regularity condition: 

(R3) for any irreducible subvariety i? C T of degree dj^ > 1 and codimension 3 
there exists a non-empty Zarisky open subset C V, such that for any tuple 

{gi,.. .,gM-i) e Ur 
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the following inequality holds: 

J2 dim Op,R/igi, . . . , gM-i) < 2'''^t^~^dR. (3) 

Note that by the condition (Rl) for a generic tuple ((71, . . . ,gM-4) G V the scheme 

{Ro{g, = 0}o...o {g,,_^ = 0}) 
is zero- dimensional and for that reason is of degree 

2fe-23fc2-2^^^ The condition (R3) 
means that at most 3/4 of that full degree is concentrated at the points of the set A. 
This is a very strong condition, since it should be satisfied for an arbitrary subvariety 
R of the projective space T. 

Let 

fci k 
1=1 i=ki+l 

be the space of tuples (/i, . . . , fk), defining a smooth complete intersection of the 
type 2*^1 3*^2 in P. 

Theorem 2. There exists a non-empty Zarisky open subset J-'reg C J-'sm of tuples 
(/i; • • • ) fk), for which the corresponding complete intersection V{fi, . . . , fk) = {/i = 
• • • = /fc = 0} C P satisfies the regularity conditions (Rl )-(R3) at every point eV . 

Now we can make the main result of the present paper more precise. 

Theorem 3. Let V be a Fano complete intersection of the type in P, 

satisfying the regularity conditions (R1)-(R3) at every point E V, where the 
numbers ki, k2 satisfy the assumptions of Theorem 1. Then the variety V is birationally 
superrigid. In particular, the claims (i)-(iii) of Theorem 1 hold. 

Obviously, Theorem 1 follows from Theorems 2 and 3, which are independent of 
each other and will be shown separately. 

0.3. The structure of the paper and historical remarks. Theorem 1 
is proved in §1. Its proof takes a few pages and makes use of the technique of 
hypertangent linear system and the 8n^-inequality. In two words, the idea of the 
proof can be explained as follows. In the preceding papers (see [1-5] and the bibliography 
in p!]) to show birational superrigidity of Fano complete intersections, one constructed, 
starting from the self-intersection Z of a movable linear system S on with a 
maximal singularity, an effective 1-cycle Y dV , satisfying the inequality 

multo Y > deg Y, (4) 

which is, of course, impossible, and brings the assumption that such a system E 
exists to a contradiction, thus proving birational superrigidity of the variety V. For 
complete intersections of quadrics and cubics this construction does not work in the 
straightforward way: the technique of hypertangent systems makes it possible to 
construct a curve Y G V that has a high multiplicity multo Y, which, however, does 
not exceed its degree deg Y, so that there is no contradiction. 
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An easy analysis shows that the irreducible curve C G V, which is not a line 
(that is, a curve of degree degC > 2), satisfies an essentially stronger inequality 
than the inequality, opposite to (jlj): the estimate 

multoC < -degC (5) 
3 

holds. Breaking the effective 1-cycle Y into two sub-cycles: 

r = Fi + r>2, 

where Yi is concentrated on the lines, passing through the point o, and Y>2 is 
concentrated on the curves of degree > 2, we see that the strategy of the proof, 
described above, would be successful if the sub-cycle Yi is not too large, that is, 
if the ratio degYi/ degy is small enough. Using the more precise estimate for 
the sub-cycle Y>2, one can get a contradiction and prove birational rigidity. This 
is possible, provided that the "outcome" of the technique of hypertangent divisors, 
applied to the self-intersection Z of the linear system S (or to a certain irreducible 
component of that self-intersection), is an effective 1-cycle Y, containing "not too 
many lines". Proof of Theorem 3, realizing the strategy, described above, is given in 
§1- 

The main part of the paper, §§2-5, is about estimating the number of lines (taking 
into account the multiplicities), emerging as the result of intersecting an arbitrary 
irreducible subvariety with hypertangent divisors. In §§2-4 we consider the local 
problem: to estimate the multiplicity of a generic tuple of polynomials from a given 
linear system with an arbitrary effective cycle at a fixed point. In §5 the problem 
is globalized: we estimate the sum of local intersection multiplicities over the base 
points of the linear system, and on that basis prove Theorem 2. 

The theory of birational rigidity of Fano complete intersections has a long history, 
starting from the work of Fano himself |6j, where he studied complete intersections 
V2.3 C of a quadric and a cubic and complete intersections of three quadrics 
V2.2.2 C P^. Fano gave a description (as it turned out later, non-complete [7]) of 
generators of the group of birational self-maps Bir V2.3 and formulated the theorem 
on non-rationality for the both classes of varieties. As it was discovered later [8j, 
his arguments contained numerous mistakes and gaps and can not be considered 
even as a first approximation to the rigorous proof. At the same time, in his works 
Fano outlined many important ideas and constructions which later were proved 
essential in birational geometry (such as the "double projection" or the Noether- 
Fano inequality). 

In 1970 in their pioneer paper [8j V.A.Iskovskikh and Yu.I.Manin gave the first 
ever rigorous proof of birational superrigidity (in the modern terminology) for one 
class of three-dimensional Fano varieties, the smooth three-dimensional quartics 
V4 C P^. With a minimal modification (which deal with the easier part of the proof, 
that on exclusion or untwisting maximal curves lying on the variety itself) the proof 

of V.A.Iskovskikh and Yu.I.Manin worked for the Fano double spaces V2 ^ P3 of 
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index 1 and the double quadrics V4 ^ (^2 C P'^ of index 1, see [7]. However, the 
proof of birational rigidity and description of the group of birational self-maps of 
the variety V2.3 (announced in [9j) turned out to be a much harder problem. The 
test class method, developed in [8j, worked successfully for varieties of degree at 
most 4 only, and already the degree deg V2.3 = 6 made a serious obstruction. The 
arguments of used for the exclusion of the infinitely near maximal singularity [TJ 
n. 4.8, Step 3], were erroneous, and this, most essential step of the proof remained an 
open problem until 1987 jlO]. A complete proof of the theorem on birational rigidity 
of a generic complete intersection of a quadric and a cubic of dimension three see 
in [11]. The problem of description of the structures of a rationally connected fibre 
space and the group of birational self-maps of the variety V2.2.2 is still open. (Note 
that birational geometry of Fano complete intersections was also studied by means 
of the transcendental method; there are not many such papers, see [T2| [13].) 

The work on extending the test class method into arbitrary dimension was started 
in [m [T5] . The ideas developed in [14j are sufficient for the proof of birational 
superrigidity of generic complete intersections of a quadric and a quartic V2.4 C of 
dimension 4 and index 1. This result was announced in 1985 r., but its complete proof 
was not published. (Later in jil6j birational superrigidity of complete intersections 
of a quadric and a quartic, not containing planes, was shown via the 8n^-inequality, 
however, the proof of that inequality that was known at the time turned out to be 
erroneous and a complete proof was obtained later, see the history of this problem 
indZ].) 

Replacing the test class method by the method of counting multiplicities, introdu- 
cing the techniques of hypertangent divisors and some other ideas |1] made it 
possible to prove birational superrigidity of Fano hypersurfaces of index 1 and 
later of generic complete intersections Vd^.....^^, C P*^+'^ of index 1 for M > 2k + 1, 
dimV > 4 [2]. The next step in the development of this area was systematic use 
of the connectedness principle of Shokurov and Kollar [18j and the proof of the 
8n^-inequality, which formed a basis for proving birational superrigidity for a wider 
class of complete intersections with M > k + 3, dk >4 [3]. The latter paper is the 
immediate predecessor of the present one: here we remove the restriction dk > 4. 
As we noted above, now the problem of birational (super)rigidity remains open 
for very few classes of Fano complete intersections of index 1. The conjecture on 
bitational superrigidity of arbitrary smooth Fano complete intersections of index 1 
was formulated by the author many times (see, for instance, [19j). 

The method of maximal singularities makes it also possible to prove birational 
superrigidity of the varieties fibred into Fano complete intersections over the projective 
line P^, see |20| [2T] . but this is a different topic. 

The work on the problem, a solution of which makes the contents of the present 
paper, was completed in spring 2012. As far as the author knew, the problem 
of estimating the multiplicity for a generic tuple of polynomials in a subvariety 
of a given codimension has never been considered before. However, in June 2012 
A.G.Khovanskii informed the author that a different, but close problem, that of 
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estimating the multiplicity of an isolated solution of a system of n equations 




'n — 







in n complex variables for a tuple (01, . . . , 0„) in a ring of Noetherian functions K D 
C[zi, . . . , Zn], finitely generated over C[z*] and closed with respect to differentiations, 
was studied in ^22j. In the latter paper the estimate was obtained in terms of 
invariants of the ring K using the methods that were essentially different from 
the algebro-geometric techniques used in §§2-4: by reduction to the one-dimensional 
problem of restricting a polynomial onto a trajectory of a polynomial vector field, via 
estimating the complexity of an integral manifold of an analytic vector-function and 
using deformations. In our paper we consider a less general (and in fact somewhat 
different) problem, but a considerably stronger and (which is especially important 
for applications to birational geometry) effective estimate of the multiplicity, which 
is not implied by the estimates of |22| . 

The method of solution, developed in this paper (that is, the method of the 
proof of Theorem 2), is new. A simplified version of this method (for a system of N 
polynomial equations in variables, without involving an effective cycle R of the 
given degree) was published in |23j . 




The very fact that the problem of estimating multiplicity of an (isolated) solution 
of a system of n equations in n variables emerges in different contexts, requires 
different types of techniques and has various applications, is remarkable; the author 
is grateful to A.G.Khovanskii for pointing out the paper [22]. 

§1. Proof of birational superrigidity 

In this section we prove Theorem 3. 

1.1. Start of the proof. The 8n^-inequality. The proof of Theorem 3 starts 
in the standard way. Let us fix a complete intersection V G F, satisfying the 
assumptions of the theorem, and a mobile linear system S C \nH\ (where, let 
us remind the reader, H is the class of a hyperplane section of the variety V) 
with a maximal singularity jT]. The latter means that for some birational morphism 
ip: — 7- V, where is a non-singular projective variety, and an exceptional divisor 

C (the maximal singularity) the Noether-Fano inequality holds 



The irreducible subvariety B = (p{E^) C ^ is called the centre of the maximal 
singularity EK The inequality mult^S > n holds. There are three options for the 
codimension of the subvariety B: 

(i) codimi? = 2, 

(ii) codimi? = 3, 

(iii) codim5 > 4. 




ord^jB > na{E^,V). 
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As it was shown in, for example, j2] (that argument can be found in many papers 
on birational rigidity), the first option does not reahze, since for the numerical Chow 
group we have A^V = Zif^. The second option is excluded, for instance, in j3]. Thus 
we will assume that codimi? > 4. 

At first our arguments repeat the proof of Theorem 3 in [31 Sec. 3] almost word 
for word. We assume that the codimension of the subvariety B is minimal among 
all centres of maximal singularities of the system S; in particular, B is not strictly 
contained in the centre of another maximal singularity, if there are any. Take a 
point of general position o G -B. Let A: V he its blow up, E = A~^(o) = P*^~i 

the exceptional divisor, S"*" the strict transform of the mobile system S on V~^, 
Z = {Di o D2) and are the self-intersection of the system E and its strict 
transform on , respectively. 

Proposition 1.1 (the 8n^-inequality ) . There exist a linear subspace P G E 
of codimension two, satisfying the inequality 

multo Z + multp Z^ > 8n^. 

// multo Z < 8n^, then the linear subspace P is uniquely determined by the system 
S. 

Proof was given in [17^ Sec. 4.1]. 

Let A D P be a generic hyperplane in E = P^^~^, containing the subspace 
P, L E \H\ a, generic hyperplane section, containing the point and such that 
L^nE = A, where L"*" is the strict transform of the divisor L on V'^. By genericity of 
the choice of A and L none of the irreducible components of the cycle Z is contained 
in L, so that the scheme-theoretic intersection Zl = [Z o L) is well defined. The 
effective cycle Zl of codimension three satisfies the inequality 

multo Zl > multo Z + mult p Z^ > 8n^ 

and the equality deg Zl = degZ = dn^, where d = 2^^3^'^ is the degree of the 
complete intersection V. Therefore, there exists an irreducibel subvariety Q G V 
of codimension three (an irreducible component of the cycle Zl), satisfying the 
estimate 

multo Q 8 . 
degQ d' ^ ^ 

Let Qe = {Q~^°E) = ^iRi be the projectivized tangent cone to the subvariety 

Q at the point (here C is the strict transform of the subvariety Q, the 
subvarieties Ri G E are irreducible components of the effective cycle Qe, f^i ^ 1; 
here and everywhere in this paper constructions of elementary intersection theory 
are understood in the sense of [24J). Now let us apply to the subvariety Q G V the 
technique of hypertangent divisors in the way in which it was done in [3j, but with 
a small modification. Namely, at each step when intersecting with a (hyper)tangent 
divisor, we will ignore only the emerging irreducible components that do not contain 
the point 0. 
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1.2. The technique of hypertangent divisors. Let 

Si = {Aigi,i|y + . . . + Xkqk,i\v} 

be the fc-dimensional space of equations of tangent hyperplanes at the point o. By 
the condition (Rl) for any non-zero tuple (Ai,...,Afc) the corresponding tangent 
divisor 

T(AJ = {Aigi^ilv + . . . + Xkqk,i\v = 0} 

satisfies the equality 

T^(A,) = (T+(A,) o E) = {Aigi,2 + . . . + Xkqk,2 = 0}. 

In particular, set Tj = {5'i,i|y = 0}. Since none of the irreducible components of the 
effective cycle [Tf o . . . o T^) of codimension k by the condition (R2) is contained 
in the linear subspace of codimension two in E, we get the equality 

codimB(Tf n . . . n n A) = + 1. (7) 

The support of the cycle Qe, constructed above, is contained in the hyperplane A. 
By the equality ([7j), for {k — 2) generic divisors Di i, . . . , Di k-2 in the linear system 
El the equality 

codiraEiQE n Df^^ n . . . n £'ffe„2) = k + l 

holds, where Df^ = {D^^ o E). Therefore, in a neighborhood of the point o we also 
have 

codimo(Q n n . . . n = k + l. (8) 

Now let us construct the following sequence of effective cycles Qi, where i = 0,1. . . . , k— 
2: 

(i) Qo = Q, 

(ii) Qi+i is obtained by removing from the effective cycle (QiO-Di,i+i) all irreducible 
components, not containing the point o. 

This procedure is well defined: since all components of each of the cycles Qi 
contain the point o, by the equality ([8]) none of the components of the cycle Qi is 
contained in the divisor Di i^i. In particular, codimQj = i + 3 for i = 0, . . . , k — 2. 
The degree deg Qi is not increasing (in fact, it is decreasing, if some components 
are indeed removed in the process of this construction), so that degQk-2 < degQ, 
whereas for the multiplicity at the point o we get the equality 

muho Qk-2 = 2*^"^ muho Q. 
Now let us consider the hypertangent linear system 

k fei+fc2 

^2 = {h{z)\v = '^Si{z)qi^i\v + ^ \i{qi,i + qi,2)\v}- 

1=1 i=fei+l 
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Obviously, C \2H — 3E\: the projectivized tangent cone of the divisor h\v — 
at the point o is given by the equation 

^ Siqi,2 + ) ^ ^2 ■ 

i=l i=ki+l / 

Let (-02,1, ■ ■ ■ , ^2,ki-2) G S2 ^'^^"^^ be a generic tuple of (/c2— 2) hypertangent divisors. 
By the condition (Rl) the closed set 

is zero-dimensional, so that the closed set 

(k-2 \ /fc2-2 \ 

n f Q D^A 

is one-dimensional in a neighborhood of the point o. Let us continue to construct 
the chain of effective cycles Qj, i = k — 2, .... M — 4, where Qk-2 are already 
constructed and Qi+i is obtained by removing from the effective cycle {Qi o D2,i+3-k) 
all irreducible components, not containing the point o. 

Set C = Qm-4- This is a 1-cycle, each component of which contains the point o. 
We have deg C < 2*^2"^ deg Q, and for the multiplicity at the point o the equahty 

multo C = 2^-23^2-2 multo Q 

holds. Taking into account the choice of the subvariety Q, we get 

multo C 2*^-23^=2-2 g ^ g 
degC ^ 2'=2-2 ■ ~ 9' 

This estimate is obviously very strong, however it still does not allow to get a 
contradiction: any line, passing through the point o, satisfies this inequality. Now 
let us use the condition (R3), bounding the input of the lines into the effective cycle 
C. 

1.3. The effective 1-cycle, free from lines. Now let us write down C = 
Ci + C>2: where the support of the effective 1-cycle Ci consists of lines, whereas the 
support of the effective 1-cycle C>2 consists of the curves of degree > 2. Obviously, 
multo Ci = deg Ci. 

Lemma 1.1. For any irreducible curve T G V of degree degF > 2 the following 
inequality holds: 

2 

multo r < - deg r. 

o 
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Proof. By the condition (Rl), the system of homogeneous equations in the space 

q*,*iz) = 0, 

consisting of all irreducible components of all k equations fi, defines either the 
origin o G C^^'^, or a finite set of lines, passing through the point o. Obviously, a 
line t{ai, . . . , aM+k) lies on V if and only if qij{a^,) — for all Assume that the 
curve r 9 o is not a line and satisfies the inequality 

2 

multo r > - deg r. 
3 

It is clear that F is contained in the support of any tangent divisor D G Si (that 
is, of such a divisor that E \H — 2E\) and hypertangent divisor D G S2 (that 
is, G \2H — 3E\). Therefore, on the curve T the following polynomials vanish 
identically: 

i — 1, . . . ,k, 

and 

qi,i + qi,2, i^ki + i,...,k. 

Besides, since T cV, on that curve identically vanish the polynomials 

fi = qi,i + qi,2, i = i,...,ki, 

and 

fi = qi,i + qi,2 + qi,3, i = ki + i,...,k. 

We conclude that all homogeneous polynomials qij vanish on F. But then F is a 
line. This contradiction proves the lemma. 

Corollciry 1.1. The following estimate holds: 

2 

multo C>2 < - deg C>2. 

To complete the proof of Theorem 3, it remains to estimate from above the input 
of lines into the 1-cycle C, that is, the ratio degCi/ degC. 

Let us consider generic tangent divisors Di i that were used to construct the 
curve C. If 

{^i,iqi,i + A2,i?2,i + . . . + Xk,iqk,i)\v 
is the equation of the divisor D^ i, then obviously 

9i = -(Ai,igi,2 + A2,ig2,2 + . . . + Xk,iqk,2) e s[ 

is the equation of its projectivized tangent cone. Therefore, {gi, ■ ■ ■ , gk-2) form a 
generic tuple, that is, generic element of the space (IlJ)^'^^~'^\ In a similar way, the 
projectivized tangent cone of the divisor D2,i, i = I, . . . , k2 — 2, has the equation 

k ki+k'z 

gk-2+i = ^2 + ^ Ajgj,3 G E2 

j=l j=ki+l 
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(to simplify our notations, we omit in the right hand side of this equahty the second 
index for sj and Xj that indicates the dependence on the number i of the divisor D2^i), 
whereas [gi, . . . ,gM~4) G P is a generic element of the space V. Since at each step 
of the construction of the curve C the intersection with the (hyper)tangent divisor 
Di j is proper, the zero-dimensional cycle Ce = {C^ o E) is the scheme-theoretic 
intersection 

{Qe O ^1,1 O . . . O o D2,i o . . . o ^2,^2-2), 

that is, we get the equality of 0-cycles 

(C+ o E) + (C^2 ° E) = 5^m,(i?, o o . . . o D2,k,-2), 

in the right hand side we get the scheme-theoretic intersection with all M — 4 
(hyper)tangent divisors Dij that took part in the procedure of constructing the 1- 
cycle C. For any line L G V, passing through the point o, in the notations of Sec. 
0.2 we have 

(L+ nE)eA 

(the set A consists precisely of all tangent directions of all lines on V, passing 
through the point o). Therefore, the support of the 0-cycle {C^ o E) is a subset of 
the finite set A. By the condition (R3), that is, by the estimate ([3]), 

5^ 5^ mi dim Op,Rj{gi, gM-i) < 2^-^^'-^ mult^ Q, 
peA ie/ 

since, obviously, the degree of the effective cycle Q^; of codimension three on E is 
precisely multo Q- The more so, 

5 = deg(C+ oE)= deg Ci < 2''-^3''^-^ multo Q. (9) 

Therefore, for the 1-cycle C>2 the equality 

multo C>2 = 2^-^3''^-^ multo Q-5 

and the inequality 

degC>2 < 2^=^-2 degg- 5 
hold. By easy computations from the inequality of Corollary 1.1 we get the estimate 

6 > 2'=-23'=2"i muho Q - 2''^-^ deg Q. 

Combining the last inequality with (Q, we obtain finally 

2^=2 -1 deg Q > 2^~^t'' multo Q. 

Recalling that k = ki + k2 and d = 2''^3''^, we obtain from there the inequality 

g 

multo Q < -degQ, 
a 
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which contradicts the inequahty ([6]). This contradiction excludes the third (and last) 
option codimi? > 4 and completes the proof of Theorem 3. 

Remark 1.1. In all previous papers (see, for instance, [lllll|5l[T9]) the technique 
of hypertangent divisors was used in a somewhat different way: at each step when 
intersecting with a hypertangent divisor, we selected an irreducibe component with 
the maximal ratio multo / deg, the other components of the scheme-theoretic intersec- 
tion were ignored. In the argument given above, in order to estimate the input of 
lines at the last step, we needed to control the whole cycle of intersection, not only 
one of its components. This type of arguments works for the previous problems, too: 
instead of selecting the component with the maximal ratio multo / deg, one may 
consider the whole cycle of the scheme-theoretic intersection, removing only the 
components that do not contain the point o (since the regularity conditions ensure 
that the procedure of taking the intersection with a hypertangent divisor is well 
defined in a neighborhood of that point only). 



§2. The local multiplicities. I. 
The spaces of tuples of polynomials 



In this section we give a precise formulation of the problem of estimating the 
local multiplicity: introduce the space of tuples of polynomials, define the local 
effective multiplicities of intersection and formulate the main result (Theorem 4). 
The theory developed in this and two subsequent sections is independent of §1 and 
is self-contained. The notations are also independent of §1. 

2.1. The tuples of polynomials and effective multiplicities. Let us fix the 

complex coordinate space C|^^ ^^j, ^ > 1, which we consider as embedded in the 
projective space '^^x^.^^. .^.^-j as a standard affine chart {xq 7^ 0}, x.e. Zi = Xi/xQ. By 
the symbol Vd,N we denote the space of homogeneous polynomials of degree d > 1 
in the variables z^,. For e < d set 

d 

'P[e,d],N = © 'Pi,N, 
i=e 

for instance, V[i^d],N is the space of polynomials of degree < d without the constant 
term. On each of these spaces we have an action of the matrix group GLn{C) of 
linear changes of coordinates. Let 

ni n2 
1=1 i=l 

be the space of tuples (/i, . . . , fm+i, ■ ■ ■ , fn^+n-i) of polynomials, where the first 
rii polynomialsare of degree < 2 and the subsequent n2 polynomials are of degree 
at most 3. All polynomials vanish at the point o = (0, . . . , 0). We assume that the 
inequality rii + n2 = N holds. 
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For an effective cycle R of pure codimension / on and a tuple of polynomials 
(/i, . . . , /iv) e 7?^i'"2) (jggng lY^Q effective multiplicity 

A^R(/i,---,/Ar) eZ+U{oo} 

in the following way. If o ^ Supp R, then we set HR{f*) = 0. If the closed set 

^« ( /i , . . . , /at ) = { /i = . . . = /iv = } n 

is of positive dimension at the point o, then we set iJ>R{f*) — oo. If none of these two 
cases takes place, then fiR^f*) is a positive integer, to define which we need some 
additional constructions. Let 

=</i, ...,/„! >C V[l,2],N 

be the linear span of the quadratic polynomials. Let 

Sl2(/*) =< fl'P[o,l],N, /ni^[0,l],Ar >C V[1,3],N 

be the linear space of all linear combinations of the polynomials fi, . . . , with 
polynomials of degree at most 1 in as coefficients. In particular, we have the 
following inclusion: Ei C E12. Let 

^22(7*) =< fm+l, ■ ■ ■ , /ni+n2 >C 'P[l,3],Ar 

be the linear span of the cubic polynomials and 

S2(/*) - Si2(/*) + E22(/*) C P[i,3],Ar 

the sum of these two subspaces. Define the polynomial span 



[/1,...,/7V]CP 



(«l,n2) 

N 



of the tuple (/*) as the set of all such tuples (/f, . . . , /^) that /f , .... ff^_^ G Ei(/*) 
and /Ij+i, . . . , /li+„2 ^ ^2{f*)- Obviously, [/*] is a closed irreducible subset of the 

space P}^ 

Now for an irreducible subvariety R C of codimension I, R 3 0, set 

f^Rifi, . . . , /jv) = dim Oo,R/{f}+i, ...,A) 

where (/f , . . . , /^) G [/i, . . . , Jn] is a generic tuple. For an arbitrary effective cycle 
R — Tij^jTjRj of pure codimension I we define iJ>R{f*) by linearity, setting 

I^Rif*) = ^rj^R.{f^). 

The definition given above is equivalent to the following one which works for any 
effective cycle of codimension /: 

M) = mult,({//+, = 0} o . . . o = 0} o i?), 
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in the brackets it is the effective zero-dimensional cycle of the scheme-theoretic 
intersection of the hypersurfaces {ff — 0}, where i — I + 1, . . . , N, and the cycle R 
in a neighborhood of the point o. 

Remark 2.1. To define the effective multiplicity, one needs to form the polynomial 
span [/*], as certain components of the cycle R and the projectivized tangent cone 
to it! at the point o can be entirely contained in the divisors {fi — 0}. For that 
reason the numbers of the form 

dim Oo,R/{fi„...,fij,_i) 

can turn out to be strictly higher than the effective multiplicity, correctly defined 
above, even if R is an irreducible subvariety, not contained in the hypersurfaces 
{/. = 0}. 

2.2. The Chow varieties and the local effective multiplicities. By the 

symbol Mi^N^d) we denote the Chow variety, parametrizing effective cycles of pure 
codimension I and degree d on P^. Consider the sets 

consisting of such tuples ((/i, . . . , /jv), -R), that 

. . . , /jv) > m e Z+ U {oo}. 

It is easy to see that Xi^N(m, d) is a closed algebraic set. Denoting by the symbol 
TT-p the projection 

((/i,...,/;v),i?)^(/i,...,/iv), 
and taking into account that the Chow varieties are projective, we get that 

Xi^N{m,d) = 7ir{Xi,N{m,d)) C V^^]^^ j^ x PfJ^g,^^ 

is a closed algebraic set. Explicitly, it consists of such tuples (/i, . . . , /jy), for which 
there exists an effective cycle R e EI;^jv(<^), satisfying the inequality iJ,R{fi, . . . , Jn) > 
m. 

Let B C ^^12] N X ^[Ts] AT be an irreducible subvariety. We define the local effective 
multiplicity, setting 

d) = Hi,n{B, d) = max {m\B G Xi^^im, d)}. 

' m6Z+U{oo} 

The explicit meaning of this definition is as follows: ij,i^n{B, d) = m, if for a generic 
tuple (/*) e B and any effective cycle R e Mi^N{d) the inequality 

/^R(/i,---,/iv) <m 

holds and for at least one cycle R e Mi^N{d) this inequality turns into the equality. It 
is clear that if iii^n{B, d) — oo, then for a generic (and thus for any) tuple (/i, . . . , f^) 
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the set of its zeros . . . , /jv) has a component of positive dimension, passing 

through the point o. The converse is also true: if there is such a component, for R 
one can take a subvariety such that dim(i? fl Z{f^:)) > 1. 

Proposition 2.1. For any d > 1 the equality 

codimX/^jv(oo, d) — ni + 2^2 + 1. 

holds. 

Proof is given in §5. 

Since in §§2-4 only local multiplicities are considered, to simplify the notations 
we omit the indication that they are local: we write fi instead of or /iiocai; in §5 
we will define the global multiplicities /^totai and for the local multiplicities we will 
use the notation fj}°^^^ or yUiocai- 

Finally, set fj,i^N{a,d) = m for a e Z+, if there is an irreducible subvariety 
B C of codimension at most a, such that the equality iji,i^n{B, d) —m holds 

and the inequality 

codimX/^jv(m + 1, o?) > a + 1 

is satisfied. 

Remark 2.2. By the definitions given above, if the inequality fii]\f{a,d) < m 
is satisfied, it means that codimX^jv(^ +l.d) > a + 1. Explicitly: the set of such 
tuples (/*) G P^^'"^'', that there exists an effective cycle R of codimension / and 
degree d, satisfying the inequality . . . , /^v) > m-|- 1, is of codimension at least 

a + 1 in the space T'^^'"^^. 

Obviously, by Proposition 2.1 for any a > rii + 2n2 + 1 we have /-ii^Nid, d) — oo 
and for a < ni + 2n2 wc have [Xi^n{(i-i d) < oo- Starting from this moment we 
assume that a < Ui + 2n2- (In the sequel, we will be interested mainly in the case 
a = 111 + n2 = N.) 

By construction, the sets Xi_N{m, d) are invariant under the linear changes of 
coordinates (the group G'Ljv(C)). Besides, these sets are invariant under the action 
of another group G{ni,n2) on the space V^^'^^\ which we will now define. The 
group G{ni,n2) is an extension 

1 ^ ^ ^ G'(ni,n2) ^ G'V(C) x GL^,{C) ^ 1. 



More precisely, to an element g e G(ni, 712) corresponds a triple of matrices {An, ^12,^122), 
where 

AnGG'V(C), A22eGLr,,iC), A12 G Mat(„,,„,)(7'[o,i],iv). 
Setting All = \\(^ij\\i<i,j<ni, ^22 = ||Ail|i<i,jr<n2 and 

A12 — ||7y(^l) ■ ■ ■ ) ^Ar)||l<i<ni,l<j<n2) 

16 



we define the action 

^:/=(/i,...,/^)^/^ = (/f,...,/^)ep(;^'"^) 

by the formulas 

ni 

n2 ni 

/ni+i = X] ^ii/^i+i + ^iMfi^ J = l,...,n2. 

j=l i=l 

The closed subset B C p^^'^^^ is said to be bi-invariant, if it is invariant under the 
action of both groups, GLn{C) (changes of coordinates) and G{ni , 77,2) . In particular, 
the sets Xi^f^{m, d) are bi-invariant (the multiplicities /xr(/*) are obviously invariant 
under the action of both groups). Note that the group G{ni,n2) contains the subgroup 
G{ni,n2) C GLjv(C), corresponding to the tuples of matrices (^11,^12,^22) c 

^12 e Mat(„i,„2)(C) C Mat(„i,„2)(7'[o,i],iv). 



2.3. Reducing to the standard form. For an irreducible subvariety B C 

P^^'"^-* we define its type 

r(B)^((a,M),M))eZ^\ 

setting: Oi = codim(pr]^(5) C ^^[12] tv)' where pr^: 7?^'^'"^) '^[12] n projection 
onto the first Tii direct factors; a2 = a — ai, where a = codim(5 C V^^'^^^); 

61 = ni - rk(d/i(o), . . . , dfni{o)) 

for a tuple of general position (/i, ...,/„ J G pr^(_B); b2 = b — bi, where 

b^e{B)^N-Tk{dh{o),...,dMo)) 

for a tuple of general position (/i, . . . , /at) G B. If the subvariety B is G{ni, 712) (or at 
least G{ni, 77-2)) -invariant, then in a generic tuple of N polynomials (/i, . . . , /jv) G B 
the linear forms 

d/i(o), . . . , dfn^-bi{o), dfni+i{o) . . . , dfN-b^io) (10) 

are linearly independent, the forms 

C?/'ni-6i+l(o),---,C?/ni(o) 

are linear combinations of dfi{o), . . . , c(/„^_5^(o), and the forms 

ci/jv_62+i(o),...,ci/iv(o) 
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are linear combinations of the forms ( 1T0|) . Therefore, for an arbitrary G(ni,n2)(or 
G(?7,i, n2))-invariant irreducible subvariety B there exists a non-empty Zarisky open 
subset B° G B , on which the following map of reducing to the standard form is well 
defined: 

p. ID —f I j^ 2],Ar ^ I 2,N ^ ' [l,3],Af ^ ' [2,3],A" y^^' 

SO that this map transforms a generic tuple (/i, . . . , /at) into the tuple of polynomials 

(/l) • • • 5 /rti-6i; /n-^-b-^ + l; • • • 5 /m ) /rii + l; • • • , fN-b2i /AT-bj + l' ' ' ' ' /a^)' 

where /^^ for i G {ni— + . . . , ni} are obtained by subtracting from fi the uniquely 
determined linear combination of polynomials /i, . . . , /„^_b^, as a result of which 
df^{o) = 0, and for i G {A^ — 62 + 1, • • • , are obtained by subtracting from 
fi the uniquely determined linear combination of polynomials fj, j G {1, . . . ,ni — 
61, rii + 1, . . . , — 62}; so that df^{o) = 0. We denote the closure of the image 
p{B") by the symbol B. If the subvariety B is invariant with respect to the action 
of G(?T,i, 77-2), then the coefficients of the above mentioned linear combinations can 
be arbitrary and for that reason 

dimfi =dimB + bi{ni-bi) + b2{N-b) = 
= dimB + b{ni - bi) + 62(^2 - ^2)- 



p(ni,n2)^ Therefore, the equality 



On the other hand, the direct product in (iTTl) is of codimension bN in the space 

N 



codim B = codim B — &i(n2 + 61) — 62^ (12) 

holds. In the last formula the codimension of each of the subvarieties is meant 
with respect to the relevant ambient space: for B it is P^^^'^'^ for B it is the 
direct product in ( fTTi) . Starting from this moment, unless otherwise specified, the 
codimension is always meant with respect to the natural ambient space. Sometimes, 
for the convenience of the reader, we remind, with respect to what ambient space 
the codimension is meant. 

Obviously, every fibre of the map p: B° p{B°) is C^b,{m-b^)+b2iN-b)) _ 

By construction, 

Pi,N{a,d) = maxpi^N{B,d), 

where the maximum is taken over all bi-invariant irreducible subvarieties B C 
p^i,n2) ^£ codimension at most a. Our method of estimating the numbers pi^i^{B, d) 
(and thus the numbers pi^i\f{a,d)) is based on controlling the type t{B) of these 
subvarieties. It is easy to see that the conditions 

Tk{dfi{o), dfn^{o)) <ni-bi 

and 

ik{dfM.---.dfN{o))<N-b 
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define bi- invariant irreducible subvariety of the type ((a^, 61), (03, &2)), 

where 

a[ = bi{N + bi — 111) and 03 = 6^ — 

Therefore, a bi-invariant irreducible subvariety B of the type t{B) — ((ai, hi), (02, &2)) 
can exist only if the inequalities 

Qi > bi{N + hi — rii) and a — ai + a2 > b^ 

hold. 

Proposition 2.2. Assume that a (bi-invariant) subvariety B is of the type 
t{B) = ((ai, 0), (a2, 0)), that is, 6 = 0. Then 

Hi,n{B, d)^d 

for any d>l. 

Proof. Let it! 9 o be an irreducible subvariety in P^, (/i, . . . , /jv) G -B a generic 
tuple of polynomials. By assumption, 

rk(d/i(o),...,d/jv(o)) = iV. 

Set n = {dfi{o) — . . . — dfni{o) = 0} C C-^, this is a linear subspace of codimension 
ui. Let 

(/f,...,/l)e[/i,...,/A.]cP^'"^) 

be a generic element of the polynomial span of the tuple {f^). By construction, the 
forms (i/f (o), . . . , dfl^^{o) are linear forms of general position, vanishing on the space 
n, and (i/^j+i(o), . . . , dfl^{o) are arbitrary linear forms of general position. 
If ni < /, then the inequality 

= dim Oo,R/{ff+i, . . . , /^) = multo R 

holds, since the differentials dff{o), i = I + 1, . . . , N, are forms of general position. 
If ni > I, then for the first ni — I differentials dff{o), where i — I + 1, . . . ,ni, there 
is a (unique) constraint 

df!{o)\u^O. 

Let TgR C be the algebraic tangent cone to R at the point o. Each of its 
components has codimension /. Since codim(n C C^) = ni, for a generic ff^-^ one 
may assume that the linear form dff_^_^ vanishes on no components of the cone T^R. 
Therefore, 

multo(i? o {//^^ = 0}) = multo R. 
For the same reasons, for generic //^^, . . . , we have the equality 

mult<,(i? o {// = 0} o . . . o {/« = 0}) = mult„ R. 
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Now the equality /x_r(/*) = multo R is obtained as in the case ni < I. Since multo R < 
degR and the equahty is attained, Proposition 2 is proved. Q.E.D. 

Note that if the muhiphcity fii^i^{B,d) is finite, then it does not exceed the 
number 2"-^~^3"''^d for oi > / and the number 3"~'(i for ai < I. However, these 
estimates are too weak for our purposes. Below the following key facts will be shown. 

Theorem 4. The following inequalities are true: 
and 

//^,^(a,d)<-4^(2e2)[^d. 
27r[vaJ 

Theorem 5. For a > 17 the following estimate holds: 

^''"^"'^)^2^U'V ^- 

Therefore, for a fixed / and a — )■ oo the effective multiplicity has exponential 
growth of the order y/a, and not of the order a, as in the aprioric estimates above. 



§3. Local multiplicities. II. 
The inductive method of estimating 



In this section, we construct the key procedure of estimating the local multiplicity 
in terms of the local multiphcities of the truncated tuples of polynomials. 

3.1. Splitting off a direct factor. If 62 > 1, then denote by the symbol 7:2 the 
projection 

'pni-bi -pbi 'r)n2-b2 -pfe2 

' [l,2],Af ^ ' 2,N ^ ' [l,3],Af ^ ' [2,3], TV 

i 

-pni-61 /pbi -r>n2-62 V -P&2-I 

^[l,2],Ar ^ ^2,Ar ^ ^[l,3],Ar ^ ^[2,3],Ar 

along the last direct factor 7'[2,3],Ar- If &i > 1, then by the symbol tti denote the 
similar projection along the last quadratic direct factor V2,n onto 'P^^^2]% ^ ^2,w"^ ^ 
^[^3] N ^ 3] AT- ^"^^ ^ closed set B, constructed above by reducing to the standard 

form, denote by the symbol the closure of the set 7ri{B) in the corresponding 

ambient space, i = 1, 2. Furthermore, let A2 and Ai denote the projections, complementary 
to and TTi, that is, the projections onto the last direct factor and the last quadratic 
direct factor, respectively. That is to say, 112 x A2 and tti x Ai are the identity map 
of the direct product V^,],^% x ^2'^ x ^[C%n x ^[2,3],iv 
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Note that since the set B is bi-invariant, the closed set B is invariant with respect 
to the group GL]si{C) of the hnear changes of coordinates and to the subgroup 
G{ni,bi;n2,b2) C G{ni,n2), the elements of which correspond to such triples of 
matrices [An, A12, A22), that An G (^-^^^.{(^(C) (and these matrices act on the 
polynomials /i, . . . , fm-bi, mapping fm-bi+i, • • • , /m to themselves), A22 G GLn^^biiQ 
(these matrices act on . . . , /^j+^j.^J and A12 G Mat(n,,„2)('P[o,i],Ar), where 

only the polynomials 7^ c j = 1, ... ,722 — 62 have an arbitrary constant term, for 
J > n2 — 62 + 1 these polynomials are homogeneous: 'jij G Vi^n- This trivial remark 
is used below for estimating the parameters of the variety B^ C p^j^'"^-!) -^j^i^Qij^ 
special comments. 

To simplify notations, assume that b2 > 1, consider the projection 7T2 and write 
[i?]Ar_i instead of The modifications required in the case i = 1 are obvious 

and we will give only the final result. In all detail we consider the case i = 2. 

For a generic tuple (/i, . . . , Jn-i) G [-BJa^-i by the symbol 

[W = [Wifl,---JN-l)CVl2,3],N 

we denote the fibre of the projection 7r2|-g: B — )■ [fij^v-i- Obviously, 

codimi? = codim[i?]7v_i + codim[i?]^ 

(recall: the codimension is meant with respect to the relevant ambient space, for 
instance, for [B]^ it is the fibre of the projection n2, that is, V[2,3],n)- Set 77V = 
7Ar(i?) = codim[i?]^. Since codimi? < a, we obtain (see (fT2l) ) the estimate 

codim[_B]jv_i < a — bi{n2 + bi) — 62^ — In- 

From this, in particular, follows the inequality 

<7jv< 0-61(^2 + 61) -M. (13) 

Let /i(z*) G Pi, AT be a non-zero linear form, H = {h = 0} G the corresponding 
hyperplane. By one and the same symbol tt/j we will denote the projection of all 
spaces V[ij]^N onto V[ij]^N-i and the corresponding projections for direct products 
of these spaces, where it is meant that an isomorphism H = C^~^ is fixed and 

is the restriction of the polynomial onto H. 

Let Bh C 'p^^'"^-!) ^]^g smallest bi-invariant (in the sense of the latter space, 
that is, invariant under the action of the groups GL^-ii^C) and G{ni,n2 — 1)) 
closed set, containing the set 7ih{[B]fyf_i). Obviously, Bh is a bi-invariant irreducible 
subvariety. For a generic tuple (/i, . . . , Jn-i) G [-B]7v_i consider the following tuple 
of linear forms 

c(fl(o)k, • • . , dfn^-bAo)\H, dfn,+lio)\H, ■ ■ . , ci/TV-fe^ (o) j^- 
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The rank of this tuple is either N — b, or N — b — 1. More precisely, there exists an 
integer- valued vector 



a = (ai,a2)e{(0,l),(-l,l),(0,0)} 

such that for the parameters (6^, 62) of the variety the following equalities hold: 

b'l^bi- ai, 6^ = 62 - ^2- 

Let T{Bh) = ((a^,6^), (02' ^2)) the type of the subvariety B^. Furthermore, set 
b^ — b^ + 62 s^nd — oil -\- 0!^. Obviously, aP' is the codimension of the subvariety 
Bh in the ambient space 7'^^'"^"''^^ 

To realize the inductive procedure defined in Sec. 3.3 below, we will need, apart 
from Bh, another family of subvarieties in the space V^^i'^ ^\ which we will now 
introduce, again for the case i = 2, with the obvious modifications in the case i = 1. 
Take any polynomial / G \2{B) C 'P[2,3],7v and consider the closed set 

B(f) = A2 ^(/) n S C 'P[i]2]% ^ ^2,V ^ "^[i^ai.jv ^ '^[2,3lN- 

We will consider the product in the right hand side of the last inclusion as the 
natural ambient space for B{f); in particular, the codimension of B{f) is meant 
with respect to that space. By construction, B{f) ^ and 

codim^ > codimi?(/) + codimA2(-B), 

so that we obtain the estimate 

codimS(/) < a - 61 (712 + &i) - h2b - -f{f) (14) 

for some 7(/) G 7(/) > codimA2(-B). Once again, take a non-zero linear form 
h{z^) e Vi^N with H — {h — 0} the corresponding hyperplane, fix an isomorphism 
H = C^~^ and let tt/j mean the same as above. 

Let Bh(f) C ■p(j*i'^"2-i) ^YiQ smallest bi-invariant (in the sense of the latter 
space, that is, invariant under the action of the groups G'Ljv_i(C) and G{ni, n2 — 1)) 
closed set, containing the set 'Kh{B{f)). Obviously, Bh{f) C B^ (since B{f) C 
[B]]si-i) is a bi-invariant closed subset, which we without loss of generality can 
assume to be an irreducible subvariety. We will put off a discussion of the invariants 
of the subvarieties Bh{f) until Sec. 3.3, because we will use the polynomials / of a 
special form there. Now let us study the subvariety B^ in more detail. 

3.2. Estimating the codimension of the subvairiety B^. How the type of the 
subvariety B changes when we restrict onto a hyperplane, is shown in the following 

Proposition 3.1. (i) In the case a — (0, 1) the estimates 
a? < oi - bi, a'* < a - (26 - 1) - 7^^ 

hold. 



22 



(ii) In the case a = (—1, 1) the estimates 

c-i < ai, < a — b — 'jN 

hold. 

(iii) In the case a = (0, 0) the estimates 

o-i ^ 0,1 — bi, a'* < a — 6i — 6 — 

hold. 

Proof. We will study in full detail the cases (i) and (ii), in the case (iii) we only 
give the computations. So assume that a = (0, 1). This means that the forms dfi{o), 
2 G {1, . . . , ni — 6i, ni + 1, . . . , — 62}, remain linearly independent when restricted 
onto H. We get the estimate 

codim7r/j([i?]jv_i) < codim[i?]jv-i < a — bi{n2 + &i) — — In- 

The codimension in the left hand side is the codimension with respect to the ambient 
space 

' [l,2],Af-l ^ ' 2,N-1 ^ ' [1,3], N~l ^ ' [2,3],Af-l' 

and moreover, for a generic tuple [gi, . . . , Qn-i) ^ '^h{[B]N-i) the linear forms dgi{o), 
i G {1, . . . ,ni — bi,ni + 1, . . . , N — 62}, are linearly independent. Now let us apply 
the procedure, inverse to the procedure of reducing to the standard form: the set Bh, 
due to its bi-invariance, certainly contains all the tuples of the form {gf, . . . , g~l^_i), 
where g^' = gi ioi 1 < i < ui = bi, 

ni-bi 

for i = rii — bi + 1, . . . ,ni, where the coefficients Ajj are arbitrary. Furthermore, 
g^ = gi foT ni + 1 < i < N — 62 and 

ni—bi N—b2 

at = 9i+^ ^v9j + ^i^9j, 

j=l j=ni+l 

for i = N — b2 + 1, . . . , N — 1, the coefficients Ajj are arbitrary. For that reason, the 
inequality 

dim^,, > dim7r;,([5]^_i) + 61(^1 - bi) + (62 - l)(iV - b) 

holds. On the other hand, the dimension of the space V^j^Lf^ is higher than the 
dimension of the space ( ITSl) by {b — 1){N — 1). As a result we get: 

a'* < a - 61(^2 + &i) - &2& - 7jv- 

-bi{n, - 61) - (62 -l){N-b) + {b- 1){N - 1) = 
= a - (26 - 1) - 7Ar, 
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as it was claimed. The estimate for is obtained by similar (but simpler) arguments. 
The procedure of reducing to the standard form is well defined on the quadratic 
components, so that for the projection pri([i?]jv-i) we get the estimate 

codimpri([S]jv-i) < ai — 61(^2 + 61). 

Note that for this closed set the ambient space is the direct product 

^[l,2],Ar ^ ^2,Ar- 

Now, restricting onto the hyperplane H and applying, as we did it above, the 
procedure, inverse to the procedure of reducing to the standard form, we obtain 
the required estimate: 

<ai- 61 (n2 + 61) - 61 (ni - 61) + 61 (A^ - 1) = oi - 61, 

as required. 

Let us consider the case (ii). Here for a generic tuple (/i, . . . , /n-i) ^ [B]n-i the 
rank of the system of linear forms {df^{o)) drops by one when we restrict onto H, 
and already the forms 

dflio)\H, dfn,^i,-,{o)\H 

are linearly independent. By the G{ni, bi, n2, 62)-invariance of the set [i?]Ar_i we may 
assume that for a generic tuple {gi, . . . , g^-i) G 7r/i([-B]Af-i) the first ni — 61 — 1 forms 
dgi{o), i — 1, . . . ,ni — bi — 1, are linearly independent, and dgni-bi{o) is their linear 
combination, and moreover, for any Ai, . . . , Xm-bi-i 

ni— fci— 1 

(fl'l, ■ ■ ■ , 9ni-bi-l, 9ni-bi + ^ \9i, 9ni-bi+l, ■ ■ ■ , 9N-i) £ 7rh([-B]jv-l)- 

1=1 

Therefore, to the Zariski open subset 

rk < 0^5(1(0), ... , rf5(„i_(,i_i(o) >= ni - 61 - 1 

one can apply the map of reducing to the standard form in the component gm-bi 
and, taking the closure, obtain the irreducible subset 

^^([^]iv-i) C V;]-X\ X Ki^-i X X ^fl,Siv-i 

of codimension 

codim7r/i([5]iv_i) - N + ni - bi. 

After that, one can apply the procedure, inverse to that of reducing to the standard 
form, similar to how it was done in the case (i), and obtain for the codimension of 
the set Bfi the estimate 

codimS^ < a - &i(n2 + bi) - b2b - -fN - N + m - bi + b{N - 1)- 
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-{h + l){ni - 61 - 1) - (62 - 1)(A^ - 6 - 1) = a - 6 - 7JV, 

as we claimed. For the arguments are similar, but simpler, since we take into 
account only the quadratic polynomials. Again one have to reduce the generic tuple 
. . . ,gni) to the standard form in the component gm-bi and after that apply to 
the resulting set the procedure, inverse to that of reducing to the standard form. As 
a result, we obtain the inequality 

Oi < CLi — 61 (n2 + bi) — N + ni — hi — 

-{hi + l)(ni - 61 - 1) + {hi + 1){N - 1) = ai, 

as it was claimed (recall that N — ni-\- 712) . 

Finally, let us consider the case (iii). As in the previous case, one has to complete 
reducing the set T^h{[B]N-i) to the standard form, now in the component since 
for a generic tuple . . . , Qn-i) the linear forms 

dgi{o), dgni-bi{o), dgni+i{o), dgN-b2-i{o) 

are linearly independent, and dgN-b2{o) is their linear combination. After that we 
apply the procedure, inverse to that of reducing to the standard form. We obtain 
the inequality: 

a'' < a - 6i(n2 + 61) - 62^ - 7iv- 
-(A^- 1) + {N-b-l)- 
-hi{ni - hi) - h2{N -h-l) + h{N- 1), 

where the second line corresponds to the reduction to the standard form and the 
third to the inverse procedure. Simplifying, we obtain the estimate 

a!^ < a — hi — h — 7jv, 

as it was claimed. For the codimension oJl in the quadratic components this case is 
very easy, as there is no need to reduce to the standard form. Applying the procedure, 
inverse to the procedure of reducing to the standard form, we obtain the inequality: 

all<ai- hi{n2 + hi) - hi{ni - hi) + hi{N - 1) = oi - hi, 

as it was claimed. Q.E.D. for Proposition 3.1. 

Now let us consider the problem of estimating the codimension when a quadratic 
factor is being split off. Here (fei,&2) = (^i!^2) — (<^i!<^2), where a = («i,a2) can 
take the values (1, 0), (1, —1) and (0, 0). The inequalities for and a^' are obtained 
by word for word the same arguments as when a cubic factor was split off. We give 
the final result. 

Proposition 3.2. (i) In the case a — (1, 0) the estimates 

tti < ai — n2 — 2hi + 1 — 77V, < a — n2 — 2hi — 62 + 1 — 7Af 



25 



hold. 

(ii) In the case a — (1,-1) the estimates 

^1 < ai — n2 — 2bi + 1 — 7Ar, < a — n2 — 2bi + 1 — 7jv 

hold. 

(iii) In the case a = (0, 0) the estimates 

a'l < ai — n2 — bi — 7jv, < a — n2 — bi — 

hold. 

Proof is left to the reader. 

To conclude, we remind the reader that when a quadratic factor is being split 
off. the ambient space for the sub variety is P^^^i i-^a)^ ^j^^ codimension is 
the codimension of the subvariety with respect to the latter space. 

3.3. The main inductive estimate. Let us come back to the main problem 

of estimating the multiplicities Hi^N{B,d) for an irreducible bi-invariant subvariety 
B C pj^'^'"^^ of codimension a > 1. Let r{B) = ((ai,6i), (02,^2)) be the type of the 
subvariety B, where 6 = 61 + 62 > 1 (otherwise by Proposition 2.2 there is nothing 
to estimate). The following key fact makes it possible to estimate the multiplicity 
/ii^N from above in terms of similar multiplicities for P^~^, which gives an inductive 
(in N) procedure of estimating multiplicities. 

Proposition 3.3. (i) Assume thatb2 > 1. Then there exist non-zero linear forms 
hi,h2 e Vi^N, depending on the variety B only and a set of non-negative integers 

) e Mat2,2(Z,), 
"21 "22 / 

satisfying the equalities dn + di2 — (^21 + c?22 = d, such that the subvarieties 

B, = B,,cVt'r'^ and B2 = B,,{hh2)cVt?~'^ 
satisfy the inequality 



IIi,n{B, d) < iii^N-i{Bi, dn) + //,_i,Ar-i(-Bi, ^12)+ 

+l^l,N-l{B2, d2l) + /^i-l,Ar-l(-B2, d22)- 

Moreover, the subvariety Bi is of the type 

t{Bi) = ((an, 611), (ai2, 612)) with (611, 612) = (61, 62-1)- 



(16) 



(ii) Assume that 61 > 1. Then there exist non-zero linear forms hi, h2, depending 
on B only, and a set of non-negative integers {dij)i<ij<2, satisfying the equalities 
dii + di2 = d2i + (^22 = d, such that for the subvarieties 

Bi ^ B,, C Vti''''''' and B2^B,,{hih2)cVti'''''^ 
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the inequality / fi^) is satisfied. Moreover, the subvariety Bi has the type t{Bi) = 
((an, fell), (ai2,&i2)) with (611,612) = (61 - 1,62). 

Proof. Let us consider the case (i) in full detail. The second case is considered 
in an absolutely similar way. The bi-invariant irreducible subvariety B is fixed. Let 
hi € Pi, AT be a linear form of general position, where the genericity is understood 
in the following sense: for a generic tuple (/i, . . . , /^v) G B the linear subspace 

{dh{o) = ... = dMo) = 0} 

(which is of dimension 6 = 61 + 62) is not contained in the hyperplane {hi = 0}. Let 

n = {hi{z,)h{z,) I h e Vi^n} c V2,n 

be the linear space of reducible homogeneous quadratic polynomials, divisible by 
hi. Note that V2,n C 'P[2,3],Af, so that LI can be considered as a linear subspace in 
'P[2,3],N- Obviously, dim 11 = A^. Set 

IT) 'jnni-f'l V q-ybi q~)n2-b2 ^ 'jnfe-l ^ tt 

' n — / [i,2],Ar ^ I 2,N ^ I [i;S\,N ^ ' [2;S\,N ^ 

As we explained above, Vn is a closed irreducible subset of the space 

' n — ' [1,2], Af ^ ' 2,N ^ ' [i,3],N ^ ' [2,3], TV- 
Lemma 3.1. (i) The intersection B ClVu is non-empty and its codimension in 
Vu is not higher than codimi?. 

(ii) The closure tt2{B ClVn) coincides with [B]n^i. 

Proof. Let us show the claim (i). By the bi-invariance the closed set B contains 
the zero tuple (0, . . . , 0) G V^^'"'^\ Therefore 5 fl P 7^ 0, and the rest is obvious. 

Now let us show the claim (ii). Recall that it2 is the projection along the last 
direct factor 'P[2,3],7v- By the equality ( fT2l) the codimension of the set B is strictly 
smaller than A^. Therefore, for a tuple of general position (/i, . . . , Jn-i) G [-B]Af_i the 
intersection of the fibre [B]^{fi, . . . , Jn-i) with the subspace 11 in the space P[2,3],Ar 
is non-empty and for that reason has a positive dimension. (The non-emptiness is 
again a consequence of being bi-invariant: 

(/i,...,/^_i,0) g5.) 

This proves the claim (ii). Q.E.D. for the lemma. 

Remark 3.1. Without loss of generality, we may assume that the irreducible 
subvariety B is an irreducible component of the closed set Xi^i^{m,d). 

The equality fii^N{B, d) = m means that for a generic tuple (/i, . . . , f^) G B and 
any effective cycle R of codimension / and degree d the inequality fJ^nifi, ■ ■ ■ , /at) < m 
holds, and moreover, for some cycle R (depending on the tuple (/*)) the equality 
holds. Therefore, for a generic tuple 

ifi, . . . , fN-i,hi{z,)h2{z,)) eB nVu 
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there is en effective cycle R, depending on that tuple, for which the inequality 

fiRifi, . . . , /n-i, hih2) > m 

is satisfied. The form h2{z^), as we explained above, is non-zero. Let Hi = {hi = 
0}, i = 1,2, be the corresponding hyperplanes. Define the effective cycles Rij of 
codimension /, i,j = 1,2, by the conditions: 

• R = Rii + Ri2 = R21 + R22, 

• Suppi?i2 C Hi and none of the irreducible components of the cycle Rn is 
contained in Hi, 

• Suppi?22 C H2 and none of the irreducible components of the cycle R21 is 
contained in H2. 

Set dij = deg Rij. Obviously, d = dn + di2 = ^21 + c?22- By what was said above, 
the inequality 

m < Aii?(/i, . . . , /jv-i, hi) + . . . , /at-i, h2) (17) 

holds, and for any i G {1, 2} 

fJ'uifi, In-i, hi) < fiR^iifi, . . . , /iv-i, hi) + fiR^^ifi, . . . , /iv-i, hi). (18) 

Since the irreducible components of the cycle Rn are not contained in the hyperplane 
Hi, and Suppi?j2 C Hi, for the first and second multiplicities in the right hand side 
of the last inequality we get the estimates 

fJ'R.Ah^ • • • 5 In-i, hi) < /i(i?,ioH,)(/i|/f,, • • • , In^iIh,) (19) 

and 

fl'Riiifl^ ■ ■ ■ ; /Af-1; ^i) < /^/J.al/lUi, • • • , /aT-iIhJ, (20) 

respectively. Note that [Rn o Hi) is an effective cycle of codimension / and degree 
dii on Hi = and Ri2 is an effective cycle of codimension I — 1 on Hi = P^~^. 

Furthermore, 

(/l|//i, • • • , In-iIh-^) G T^hi{[B]N-l) 

and 

{fl\H2, ■ ■ ■ Jn^iIh^) e TTh2iB{hih2)) 

are generic tuples, so that the inequalities ( fT9l) and ( l20l) remain true, if in the right 
hand side that tuple is replaced by a generic tuple of polynomials 

{gi, . . .,gN-i) e Bi. 
Now the inequality is a direct corollary of ([17]), (US]) and fl20]) . 
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Finally, by the genericity of the form hi we have 

Tk{dgi{o), dgN-i{o)) = N - b, 

as it was claimed. Q.E.D. for Proposition 3.3. 

In order to make our inductive procedure a working one, it remains to estimate 
the codimension of the subvarieties B2 and their type. Again we consider more closely 
the case of the projection onto the last factor (that is, (/=„) 1— )■ /at), corresponding to 
the part (i) of Proposition 3.3. In the case of the projection onto the last quadratic 
factor (that is, (/*) fn^) the modifications are obvious and we give only the final 
result. Set 7 = 7(/ii/i2) (see Sec. 3.1). 

Proposition 3.4. Let h2 G Vi^n be a generic linear form such that hih2 G 
X2{B n Vn)- There exists and integer-valued vector 

a= (ai,a2) G {(0, 1), (-1, 1), (0, 0)} 

such that for the parameters {bi, 62) of the subvariety Bh2{hih2) the following equalities 
hold: 

61 = 61 - «!, 62 = &2 - a2- 

For the codimension a of the subvariety Bh2{hih2) in the ambient space 
the following estimates hold. 

(i) In the case a = (0,1) : d < a — {2b — 1) — 7. 

(ii) In the case a = (—1, 1) a < a — 6 — 7. 

(iii) In the case a = (0, 0).' a < a — 61 — 6 — 7. 

Proof is almost word for word the same as that of Proposition 3.1. Although 
the set B{hih2) may be not invariant under the linear changes of coordinates, it is 
still invariant under the operations of taking linear combinations, in the same way 
as the set [B]n_i. By Lemma 3.1, 

y Bihih2) = [BU-i 

hih2e\2(BnVn) 

and for this reason for a generic tuple ((?!,..., gN-i) G B{hih2) the linear forms 

dgi{o), . . . ,dg„,^hAo),dgn^+i{o), . . .,dgN-b2{o) 

are linearly independent. Taking this into account, the proof of Proposition 3.1 
works word for word, given the inequality ([HD, and with simplifications as we claim 
nothing about the parameter di of the full type of Bh2{hih2). Q.E.D. 

Now let us formulate the result for the case when a quadratic factor is split off. 

Proposition 3.5. Let /12 G Vi^n be a generic linear form such that hih2 G 
Xi{B nVn)- There exists and integer-valued vector 

a={ai,a2) G {(1, 0), (1, -1), (0, 0)} 
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such that for the parameters {bi, 62) of the subvariety Bh2{hih2) the following equalities 
hold: 

61 = 61 - «!, 62 = 62 - "2- 

For the codimension a of the subvariety Bh^{hih2) in the ambient space 
the following estimates hold. 

(i) In the case a = (1, 0); a < a — ^2 — 26i — 62 + 1 — 7- 

(ii) In the case a = (1, —1) a < a — n2 — 2bi + 1 — 7. 

(iii) In the case a — {0, 0) : a < a — n2 — bi — j . 

Proof is almost word for word the same as that of Proposition 3.2, and follows 
the same procedure as was used in the proof of Proposition 3.1. Q.E.D. 

§4. Local multiplicities. III. 
Explicit estimates 

In this section, using the inductive procedure, developed in §3, we obtain explicit 
estimates for the local multiplicity. We consider separately the cases of small values 
6=1,2 and small codimensions a < 36. We prove Theorems 4 and 5. 

4.1. An estimate for the multiplicity in the case 6 = 61 + 62 = 1- We did 

see above that for an irreducible subvariety B C 'p^'^'^^^ with 6 = the equality 
Hi^N{B,d) = d holds (Proposition 2.2). Let us consider the case 6=1, the next 
in complexity. Assume for certainty that 62 = 1, 61 = 0. By Proposition 3.3, the 
inequality 

IJ,1,n{B, d) <d + fIi^N-l{B2, d2l) + /ii_i,Ar_i(52, d22) 

holds, since (611,612) = (0,0). Let t{B2) = ((021, 621), (022, 622)) be the type of the 
variety i?2. If 621 = 622 = 0, then we get the estimate fii^i\f{B, d) < 2d. Assume that 
^21 + ^22 = 1- Setting B2 = B^^\ let us apply Proposition 3.3 to that subvariety. 
Iterating this construction, we obtain a chain of subvarieties 

5(1) 

, . . . , , 

of the type r(5») = i{a^\b?), {af ,bf)) with 6« = 6^^ + bf = 1. Here B^^+^^ = 
Bf in the sense of Proposition 3.3. The varieties i?*^*-* are irreducible bi-invariant 

subvarieties of the space Ptv-i ' ^ ■> corresponding subvariety B\ has the type 
((a[\\o), (O'i2!0)) and its input into the estimate of the multiplicity jii^N is known. 
After k steps we get the inequality HepaBCHCTBo 

min{fc,i} 

l^i,N{B,d) < kd+ ^ l^i-j,N-k{B^''\dk,j), 

j=0 

where dk^ + . . . + dk^nim{k,i} = d. We used the obvious inequality 

fXi,N{B, d') + ^il,N{B, d") < fXi,N{B, d' + d"). (21) 
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By Propositions 3.1 and 3.2 for the codimension a*^*-* = codimS*^*^ we have the 
inequahty a*^*"*"^^ < a^*^ — 1, and for the variety S^*^ to exist, the inequahty 

aW_5«(A;« + 6»)_6»6« >0 

should be satisfied. Therefore, a > a'^''^ + A; > /c + 1, so that after k < a — 1 steps 
we get 621'' = ^22'* = ^^cl the procedure is completed. As a result we obtain the 
inequality 

f^i,N{B, d)<{a+ l)d. 

Note that for Z = (when all effective cycles are of the form dP^) this estimate is 
precise: the equalities 61 = 0, 62 = 1 mean that for a generic tuple (/i, . . . , /at) G B 
the complete intersection 

{/i = --- = /iv-i = 0} 

is a curve, non-singular at the point o. The condition of tangency of order j < N 
with that curve imposes at most j independent conditions on the polynomial /at. 
Therefore, the equality 

/io,Ar(a, d) = {a + l)d 

holds. 

4.2. Estimating the multiplicity in the case 6 = 2. Similarly to Sec. 2.2, 
set iJ,i^N{a,b; d) = m, if for any irreducible (bi- invariant) subvariety B C p^i'"'^) of 
codimension at most a with £{B) ~ b the inequality iii^n{B, d) < m holds, and for 
at least one subvariety B in that class the inequality is an equality. The result of 
Sec. 4.1 can be represented as the inequality 

/x;,Ar(a, 1; d) < {a + l)d. 

Now let us obtain an upper bound for /i; Ar(a, 2; d). Let S be a subvariety with 
s{B) = 2. Applying the result of Sec. 4.1, we get 

lii^N{B,d) < {a-2)d + iii^N-i{B2,d2i) + Hi-i,N-iiB2,d22) 

for some ^21, (^22 £ ^+ with d2i + d22 = d. For the parameters of the subvariety B2 
there are two options: 

• either codimi?2 < a — 2 and £(-82) — 2, 

• or codimS2 < a — 3 and £(-62) = 1. 
In the second case we get the estimate 

fii,N{B,d)<2{a-2)d. 

In the first case one can go on with the process of reduction, applying Proposition 
3.3 to B2 — -B^^). Arguing as in Sec. 4.1 (the computations are absolutely elementary 
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and similar to those performed in Sec. 4.1 and we do not give them here), we obtain 
the following final result: for an even a — 2u the inequality 

fii^N{a,2;d) < {2 + u{u - l))d 

holds, for an odd a — 2u+ 1 the inequality 

Riv(a,2;d) < {2 + u'')d 

holds. 

This procedure of obtaining explicit upper bounds for the numbers fii^N{a,b; d) 
can be iterated, reducing the estimate for 6 = 3 to the already known formulas 
for 6 1, 2. However, as could already see in the case h — 2, the number of cases 
that require separate consideration, starts to grow, and the formulas get clumsier. 
Thus for small codimensions it is easier to obtain a particular numerical value of the 
upper bound for yU/ iv(a, h; d), whereas for higher values of a we need a less precise 
but manageable estimate. 

4.3. Small codimensions. A simple observation that one can make on the basis 
of the considerations for 6 = 1 and 6 = 2, is the linearity of the obtained estimates in 
the degree d and their actual independence of the parameters I, N. Let U C Z+ x Z+ 
be the set {(a, b)\a> 6^}. Let us define by induction the function 

-p-.U ^ Z+, 

setting /7(a, 0) = 1, /7(a, 1) = a + 1, for a < b{b + 1) 

Ji{a, b) = 2jl{a - (26 - 1), 6 - 1), 

for a > 6(6 + 1) 

]l{a, 6) = /Z(a — (26 — 1), 6 — 1) + max{]l{a — (26 — 1), 6 — l),]l{a — 6, 6)}. 

Propositions 3.1, 3.2 and 3.3 imply immediately 
Proposition 4.1. The following inequality holds: 

f^i,N{(i, 6; d) < Jl{a, h)d. 

For small values of a the function Jl is easy to compute by hand; it is also easy to 
write a computer program, computing Ji. Below we give the table of values 7l(a, 6) 
for a < 36, 6 < 6. The symbol * means that the pait (a, b) ^ U and the value of 
the function Ji is not defined. Already for those small values of the codimension the 
speed of growth of the values 77(a, 6) can be seen very well. In boldface we show the 
maximum value //(a, 6) for the given a. 
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a 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


6 = 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


6 = 1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


6 = 2 


* 


* 


* 


4 


6 


8 


11 


14 


18 


22 


27 


32 


38 


44 


51 


6 = 3 


* 


* 


* 


* 


* 


* 


* 


* 


8 


12 


16 


22 


28 


36 


44 


6 = 4 


* 


* 


* 


* 


* 


* 


* 


* 


* 


* 


* 


* 


* 


* 


* 



a 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


6 = 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


6=1 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 


6 = 2 


58 


66 


74 


83 


92 


102 


112 


123 


134 


146 


158 


6 = 3 


55 


68 


82 


99 


119 


140 


165 


193 


223 


257 


295 


6 = 4 


16 


24 


32 


44 


56 


72 


88 


110 


136 


164 


198 


6 = 5 


* 


* 


* 


* 


* 


* 


* 


* 


* 


32 


48 


6 = 6 


* 


* 


* 


* 


* 


* 


* 


* 


* 


* 


* 



a 


27 


28 


29 


30 


31 


32 


33 


34 


35 


36 


6 = 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


6 = 1 


28 


29 


30 


31 


32 


33 


34 


35 


36 


37 


6 = 2 


171 


184 


198 


212 


227 


242 


258 


274 


291 


308 


6 = 3 


335 


380 


429 


481 


538 


600 


665 


736 


812 


892 


6 = 4 


238 


280 


330 


391 


461 


537 


625 


726 


841 


966 


h = 5 


61 


88 


112 


111 


176 


220 


272 


328 


396 


176 


6 = 6 


* 


* 


* 


* 


* 


* 


* 


* 


* 


64 


6 = 7 


* 


* 


* 


* 


* 


* 


* 


* 


* 


* 



Now let us consider the problem of obtaining a simple effective upper bound for 
the multiplicities ///,jv(5,d). Prom the technical viewpoint, it is necessary to find 
a simple and visual formalization of the procedure of estimating these numbers in 

terms of the numbers Hi'^^'iB' , d'), where the varieties B' C p^/''^^) j-^^yg smaller 
value 6' = b'l + 62, so that for the corresponding multiplicities the upper bound can 
be assumed to be known. This gives an inductive (in the parameter 6) procedure of 
estimating the multiplicity, realized below. 

4.4. A general method of estimating the multiplicity. Let us consider the 
four-letter alphabet {A, Co, Ci, C2}. We define a procedure of constructing a certain 
set of words W in this alphabet and for each word w E W a certain irreducible 
bi-invariant subvariety 

of the type t{B[w]) = ((ai(w), 6i(w)), (a2(w), 62(w)) and full codimension a{w) = 
ai{w) + a2{w): as usual, set e{B[w]) = b{w) = bi{w) + 62(1^;). The length of the word 
w we denote by the symbol \w\ G Z_|_. The length of the empty word is equal to zero. 



Let B C V 



(ni,n2) 
N 



be an irreducible bi-invariant variety of codimension a and 
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type t{B). Set 5[0] = B. If 6(0) = 0, then we set W = {0}: the procedure is thus 
complete. Assume that 6(0) > 1. 

The set of words W and corresponding subvarieties w G W, will be 

constructed in elementary steps: we will construct a sequence of finite subsets Wi of 

the set of all words, 1 — 0,1, The set Wq = {0} is already constructed. Assume 

that Wq, . . . iWi are constructed. If for every w e Wi the equality b{w) — holds, 
then we set W = Wi, completing the procedure. Otherwise, take any word w G Wi 
with b{w) > 1. If b2{w) > 1, then we apply to the subvariety B[w] (constructed at 
the previous step) part (i) of Proposition 3.3. Set Wi = wA and W2 = wCe, where 
e e {0,1,2} is chosen in the following way. 

Set B[wi] = {B[w])i and B[w2] = {B[w])2 in the notations of Proposition 3.3, 
(i). Now e takes the value 0, 1 or 2, if the subvariety B[w2\ corresponds to the case 
(i), (ii) or (ill) of Proposition 3.1, respectively. This determines the words wi and 
W2. The set Wi+i is obtained from Wi by removing the word w and adding the 
words wi,W2 of length l^l + 1. The irreducible bi-invariant subvarieties B[wi] were 
constructed above, and this defines the values of all parameters {ni{w) etc.). 

If b2{w) = 0, then bi{w) > 1 and we apply to the subvariety B[w] part (ii) of 
Proposition 3.3. Now the words Wi,W2 and the subvarieties B[wi] are constructed 
word for word in the same way as in the case 62 (w) > 1, replacing part (i) of 
Proposition 3.3 by part (ii) of the same proposition and Proposition 3.1 by Proposition 
3.2. 

Now the procedure of constructing the set is determined in a unique way. 
Obviously, 

ttW^/ = i + l. 

Since when we replace a word w & Wi hj the words Wi,W2-i the codimension 
of the new subvarieties B[wj\ gets strictly smaller than the codimension of B[w\ 
(Propositions 3.1 and 3.2), our procedure of constructing the sequence {Wi} can not 
be infinite. It is easy to see that for codim5 = a we get '^W < 2". Now Proposition 
3.3 implies immediately 

Proposition 4.2. The following inequality holds: 

fii,N{B,d)<dm)- 

Proof. This follows from a more general fact: 

min{/,|u!|} 

pii,N{B:d)<J2 E l^i-j,N-H{B[widj{w)) (22) 
weWi j=o 

for any i — 0,1, . . . and certain partitions 

min{/,|ui|} 

d^ J2 dj{w) (23) 

j=0 
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for every word w & Wi. The inequality fl22l) will be shown by induction on the 
parameter i = 0,1, . . .. For i = its left hand side and right hand side are the same. 
Assume that (122|) is shown for z = 0, . . . , e. If We = We+i, then We = W and there 
is nothing more to prove. If We 7^ We+i, then the set of words We+i is obtained 
from We by removing some word w G We and ading two words Wi, W2- Therefore, 
in order to prove the inequality (p2|) for i = e + 1 it is sufficient to show that 

min{/,|w|} 

fii_j^N-\w\{B[w],dj[w]) 

j=0 

does not exceed the sum of similar expressions for Wi,W2. This is precisely what 
Proposition 3.3 claims, taking into account the inequality ( l2T]) . This proves the 
estimate (l22l) for any i. Finally, if Wi = W, then for any w E W we have b{w) = 0, 
so that in the right hand side of the inequality ( l22l) for each component we have the 
equality 

fii_j^N-\w\{B[w],dj{w)) = dj{w), 
so that by the equality (l23l) we get 

jjLi^N{B,d) < (j 1, 

which is what we claimed. Q.E.D. for Proposition 4.2. 

4.5. Estimating the cardinality of the set of words. We write down the 
words in the following way: 

w = Ti . . .Tk, 

where X; G {A, Cq, Ci, C2}. Now let 

p:{A,C,,Ci,C2}^{A,C} 

be the map of the four-letter alphabet into the two-letter one, given by the equalities 
v{A) = A, z/(a) = C, and 

p: w = Ti . . . Tk ^ w = uiji) . . . i^{tk) 

the corresponding map of the set of words. The following fact is true. 

Lemma 4.1. For any i = 0,1, . . . the map v\wi is injective. In particular, v\w 
is injective. 

Proof. A stronger fact is true: no word among the words w = ^{w), w G Wi, 
is a left segment of any other word in this set. (In particular, no two words are the 
same, which means precisely the injectivity of the map i^\wi-) The last claim is easy 
to show by induction. The set Wq consists of one word, and for this set the claim is 
trivial. Assume that it is shown for Wi, where i = 0, . . . , e. If We+i = We, then there 
is nothing to prove. If We+i 7^ We, then We+i is obtained from We by removing some 
word w G We and adding two words Wi = wA and W2 = wCa, where a G {0, 1, 2}. 
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For these words we have Wi = wA and W2 = wC. Obviously, wi and W2 are not left 
segments of each other and no word w[ for w' G is a left segment of Wi or 

W2, as otherwise w' = Wi or W2 (since w' is not a left segment of the word w by the 
induction hypothesis), but then w would be a left segment of the word w', contrary 
to the induction hypothesis. In the trivial way Wi and W2 are no left segments of 
any word w', since otherwise this would have been true for w as well, contrary to 
the induction hypothesis. Q.E.D. for the lemma. 

Thus we have reduced the problem of estimating the multiplicity fii^N{B,d) to 
the problem of estimating the number of words in the set W. As we pointed out 
above, < 2", but that estimate is too coarse for our purposes. We will control the 
length of words w & W via the values of the parameters a{w') and b{w') = e{B[w]) 
for the left segments w' of the word w. 

Lemma 4.2. (i) If t = A or Co, then the inequality 

a{w'r) < a{w') - {2b{w') - 1) 

holds and hiw'r) = h{w') — 1. 

(ii) If T = Ci or C2, then the inequality 

aiw'r) < a{w') - b{w') 

holds and b{w'T) = b{w'). 

Proof. This follows immediately from the inequalities of Propositions 3.1 and 
3.2, taking into account the obvious estimate hi < rii, i = 1, 2. Q.E.D. for the lemma. 

Furthermore, the inequality (fT3|) implies the estimate 

a{w) > bi{w){n2{w) + bi{w)) + b2{w)b{w) > b'^{w) 

for every word w, in particular, for every word, which is a left segment of any word 
in W. 

Example 4.1. In terms of the formalism, developed above, let us again consider 
the case b = 6(0) = 1. Here for any word w & Wi we have the alternative: either 
b{w) = (and in that case w G W), or b{w) = 1 (and in that case a(wr) < a{w) — 1 
for any letter r), so that the set W is of the form 

A, Ci-^A, Ci^Ci^A, . . . , Ci^Ci^ . . . Ci^A, Ci^ . . . Ci^C^, 

where i^ G {1,2} and k + 1 < a. Therefore, '^W < a + 1, as we claimed above in 
Sec. 4.1. 

Let us come back to the general case. 
Proposition 4.3. The following inequality holds: 

" - (6!)2 
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Proof. For any word w E W hy construction b{w) = 0. Since the letters Ci, C2 
do not change the value of the parameter b, whereas the letters A and Cq decrease 
it by 1, we can conclude that in the word w there are precisely b positions, occupied 
by the letters A and Cq. Let them be the positions with the numbers 

mi + 1, nil + 1712 + 2, ■ ■ ■ , mi + 1712 + . . . + rub + b, 

rrii & Z^. By Lemma 4.2, we get the inequality 

0<a{w)<a - mib - (26-1)- 

- m2(6-l) - (2(6-1)-!)- 

- mi{b-{i-l)) - (2(6 -(i -!))-!)- 

- rrib - 1 = 

= a-62-Em,(6-(z-l)), 

i=l 

SO that (mi, . . . , m{,) is an arbitrary integer- valued point in the polytope 

A = {xi > 0, . . . , > 0, 6x1 + (6 - l)x2 + . . . + < a - 6^} C R^ 

Thus even if we assume that all possible distributions of the letters A and Co on the 
selected positions are reaHzed by the words w eW (m fact, that is not true: there 
are much fewer words in W, see Remark 4.1), then the following inequality holds: 

Now let us estimate the number of integer-valued points in A. In order to do that, 
consider a larger polytope 

A+ = {xi > 0, . . . , Xfe > 0, 6x1 + . . . + Xfe < a - "^^ } C R^ 

Obviously, A C A+. 

Lemma 4.3. The following inequality holds: 

ti(AnZ'') < vol(A+). 



Proof. With each point x = {xi, . . . ,Xb) G K'' we associate the unit cube 

T{x) = [xi,Xi + 1]X [X2, X2 + 1] X . . . X [Xb, Xb+l]C 

the vertex of which with the least value of the sum of coordinates Xi + . . . + Xb is 
the point x. li x E A, then r(x) C A+, since 

2 „ Kb-1) 



b+{b-l) + ... + l + a-b=a- 
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Therefore, 



tt(A n z^) = J2 voi(r(x)) = vol ( U r(x) j < voi(A+), 

as we claimed. Q.E.D. for the lemma. 

Computing the volume of the polytope A"*" and applying the Stirling formula, 
we get the estimate 

(a-'-^Y 1 /2a -6(6-1) , , 

W < 2' ' ' = — ^ (24) 



(6!)2 27r6e^M \^ 

for some < < 1 (here e is the base of the natural logarithm), so that the more 
so, 

1 /2a -6(6- 1) 2^ 



Recall that 6 G {1, . . . , [\/a]}- To obtain an effective bound for the number let 
us study the behaviour of the sequence Ub for those values of 6. 

Lemma 4.4. The sequence Ub is increasing, provided that the following inequality 
holds: 

2a-6(6- 1) > ^6^. (26) 



Proof. Write down 

Ub+i 1 1 2a -6(6 + 1) 



Ub i + ^(i+i)'Vi| 2b V (b + iy 



(27) 



Assume first that 6 > 9. If the numbers a and 6 satisfy the inequality 2a — 6(6 + 1) > 
|(6 + 1)2 (that is, the inequality 0261) for 6+1), then the denominator of the third 
factor in the right hand side can be estimated from above as follows: 



26 V / 41\'' 4 



^ + 2a-6(6 + l) J n'+56' ^ ' 



The second factor in the right hand side of the inequality (1271) is strictly higher than 

5 

2' 



one, and the fourth is not smaller than |. As a result we get: 



Ub 10 2 

which is what we need. For the smaller values 6 < 8 the second and third factors 
in the right hand side of the inequality (127|) could be estimated more precisely, and 
elementary computations with some use of a computer complete the proof of the 
lemma. 
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Corollary 4.1. For a > 17 the value bma.x £ {1? • • • ? ["s/o]}? which the maximum 
of the sequence Ub is attained, satisfies the inequality 

5 

2a - 6max(&max " 1) < gO- 

Proof. By the previous lemma, the value bmax satisfies the inequality 

5 

2a - 6ma^(6max + 1) < 2^ma^ 

(otherwise, the next element of the sequence Ub would be higher). Now elementary 
computations complete the proof of the corollary. 

Corollary 4.2. (i) For a > 17 the following estimate holds: 



)a 

(ii) For any a the following estimate holds: 

1 /2a „^ ^ 

Proof. The claim (ii) follows immediately from the inequality (125|) . the claim (i) 
from the inequality (p5|) . taking into account the previous corollary. 

Corollary 4.3. (i) For a > 17 the following estimate holds: 

^''"("'^)-2^U' J • 
(ii) For any a the following estimate holds: 

Proof. The arguments are identical in both cases, the only difference is which 
of the two claims of Corollary 4.2 is used. 

Let us prove part (i). Arguing as in the proof of Lemma 4.4, we conclude that 
the sequence Vb is increasing. Therefore, its maximum is attained at 6 = Since 

a< (6+1)2 = 52^26 + 1, 

we get the inequality 
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whence immediately follows the claim (i). The second part is shown in word for word 
the same way. Q.E.D. 

It is easy to see that the claims of Theorems 4 and 5 are contained in the claims 
of Corollaries 4.2 and 4.3, taking into account the formula f l25|) . 

Q.E.D. for Theorems 4 and 5. 

Remark 4.1. As we see from the given proof, the estimate obtained above is 
not optimal and can be essentially improved. For b ~ \/a we have 2a — b{b — 1) ~ a, 
so that in the inequality of Corollary 4.3, (ii), the expression (2e^) can be replaced 
by e^. Furthermore, when proving Proposition 4.3, we took into account all possible 
tuples of positions (mi, . . . ,mf,) and all possible ways of putting the letters A and 
Co on the b positions. However, since in the set of words W = ^{W) in the two-letter 
alphabet {A, C} no word is a left segment of another word and the map f.W ^ W 
is one-to-one, for a fixed way of putting the letters A and Cq on b positions, when at 
least two letters Co are neighbours, not all tuples (mi, . . . , mf,) G AflZ^ are realized, 
as two distinct words Wi ^ W2, {wi, W2} C W, can not differ only on a segment that 
consists of the letters Co,Ci,C2. The problem of getting the precise upper bound 
for the numbers fii^N{a,d), at least in the asymptotic sense, remains open. 



§5. Global multiplicities. Proof of Theorem 2. 

In this section, using the theory developed in §§2-4, we prove Theorem 2. Taking 
into account Theorem 2 in the paper jSj, two facts require a proof: the linear 
independence of the directions the lines passing through the point o E V (the last 
requirement in the condition (Rl)), and that the condition (R3) is satisfied at every 
point o E V on a Zarisky generic complete intersection V of the type 2'^^3'^^. It is not 
hard to prove the linear independence: it is sufficient to estimate the codimension 
of the sets of tuples of polynomials, which either have a positive-dimensional set of 
solutions or a finite set set of linearly dependent solutions. This is done in Sec. 5.1. 

In Sec. 5.2-5.4 we globalize the constructions and results of the local theory, 
developed in §§2-4: define the global multiplicities, reduce the problem of their 
estimating to the similar problem for the local multiplicities and, finally, obtain 
the necessary estimates for the global multiplicities. 

In Sec. 5.5 we complete the proof of Theorem 2. 

5.1. Tuples of polynomials with a positive-dimensional set of solutions. 

As always, the symbol jv denotes the space of homogeneous polynomials of degree 
i in N variables, we identify Vi^N+i and H^{¥^ , Of.N{i)). Let 

ni 712 
i=l i=l 

be the space of all tuples (/i, . . . , /m+i, • • • , fn]_+n2)i where the first Ui polynomials 
are quadratic, the next n2 ones are cubic. (This is the global analog of the space 
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jyyni,n2) ^ introduced in §2.) In this section we consider the space "H^y+f^ for ni + n2 = 
and + 1 . The symbol 

Z (/l, • • • , fni+n2) = Z (/*) 

denotes the closed subscheme, defined by the tuple of polynomials /i, . . . , /„^+„2, 
and the symbol stands for the closed set {/i = . . . = fni+n2 = 0} C P^. Let 

= {(/i, . . . , I dimz(/,) > 1} c hS;?;^) 

be the closed subset of tuples, the zeros of which have an "incorrect" dimension (for 
a generic tuple for ni + n2 = N the set is zero-dimensional, for ni + n2 = 1 

it is empty). Furthermore, define Fune C Y^o as the set, consisting of such tuples (/^,), 
that the set Z{f^:) contains a line in P^. It is easy to compute that for rii + n2 = N 

codimFiine = Til + 2n2 + 2, 

and for rii + n2 = + 1 

codim Fiine = rii + 2^2 + 4 

(the codimension is in both cases with respect to the space H^^'"^''). Set Y^ = 
Yoo\Y\[^e to be the union of all irreducible components of the set Yooj different from 
yiinc- Now we have 

Proposition 5.1. The irreducible closed set Fune is a component of maximal 
dimension of the closed set Yoo'. 

dimFiine > dimF^- 



Proof. The irreducibility of the set Yi^^e is obvious. The claim of the proposition 
will be proved by the method developed in [2]. Consider first the case ui +n2 = N. 
Let Yi C Hj^^'"^'' be the set of such tuples (/^,), that 

(1) codim{/i = . . . = = 0} = z, 

(2) there is a component B of the set Z{fi, . . . , fi), which for i = — 1 is not a 
line in P^ and on which the polynomial /j+i vanishes identically. It is sufficient to 
show that 

codim Yi > ni + 2^2 + 2 

for z = 1, . . . , A^ - 1. 

Following [21 §3], represent Yi as the union 

Yi = Yi^o U y^,! U . . . U Yi^i 

of smaller subsets Yi^e, e G {0,...,i}, defined by the condition: the set B has 
codimension e G Zi+ in its linear span < B >. Let us consider, first of all, the 
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case e = 0, that is, B C is a linear subspace, i < N — 2. Since JjIb = for 
j = 1, . . . , i + 1 and rfj = deg /-,• > 2, we get the estimate 

JN -i + l)(N -i + 2) 
codimy,,o > + 1)^ ^ -i{N-i + l) = 

= ^~2^'^ (^(^ - 2) + AT - « + 2) > 3iV, 

which is what we need (the minimum of the right hand side is attained at i = — 2, 
which corresponds to the set of such tuples (/*) that ^(/*) contains a plane). 

Therefore, we may assume that e > 1. In that case consider the restrictions 
fj\<B>, j = ^, ■ ■ ■ Recall the following [2j 

Definition 5.1. Let hi, . . . ,hm be homogeneous polynomials of degree > 2 on 
the projective space 11 of dimension dim 11 > m + 1. An irreducible subvariety 
C C n such that < C >= U and codimC = m is called an associated subvariety 
of the sequence (/i*), if there exists a chain of irreducible subvarieties Cj C 11, 
j = 0, . . . , m, satisfying the following properties: 

• Co = n, 

• for each j = 0, . . . , m — 1 the subvariety Cj+i is an irreducible component of 
the closed algebraic set {hj+i = 0} fl Cj, and moreover, hj+i\cj ^ 0, so that 
codimn Cj = j for all j, 

• Cm = C . 

If a sequence (/;,*) has an associated subvariety, it is said to be good. 
Furthermore, the following claim is true. 

Lemma 5.1. (i) The property of being good is an open property in the space of 
sequences. 

(ii) A good sequence can have, at most, 



^ m 

-y n 



m + _ . ^ 

associated subvarieties. 

Proof. This is Lemma 4 in |2j. 

As it was shown in |2l p. 73], one can find among the polynomials fj,j = 1, . . . ,i, 
such e polynomials fj^,..., fj^ that the sequence (/jJ<_B>, . . . , fjJ<B>) is good and 
B is one of its associated subvarieties. Besides, as it was shown in [2], p. 72], for a 
fixed irreducible subvariety C in the projective space 11, such that < C >= U, the 
requirement h\c = imposes on the polynomial h at least 

deg h ■ dim 11 + 1 
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independent conditions. For that reason, fixing the subspace < B > and the polynomials 
/j^, . . . , fj^, we obtain that the requirement fj\B = imposes on the polynomials fj, 
where 

J e {^ + l}U({l,...,0\{ji,...,Je}) 

at least 

(i-e+l)(2(iV-i + e) + 1) 

independent conditions. Subtracting the dimension of the Grassnianian of (N—i+e)- 
subspaces in P-^, we get 

codimFi,e > (^ - e + 2){N - i + e) + 1. 

It is easy to check that the minimum of the right hand side is 2N + 1. The inequahty 

2Ar + 1 > m + 2712 + 2 

is always true, except for the only case ni = 0, n2 = N. However, estimating the 
number of independent conditions above, we assumed that degfj = 2. If all the 
polynomials are cubic ones, the estimate becomes essentially stronger: 

codimFi,e > (2i - 2e + 3){N - i + e) + 1 > 3A^ + 1, 

which completes the proof of the proposition in the case ni + 77-2 = N. 

Consider the case ni+77.2 = N+1. Let (/i, . . . , Jn+i) be a tuple of general position 
in some irreducible component Q od the set Y^. Then there are two options: either 
dimZ(/i, . . . , /at) = 1 and Jn+i vanishes on some irreducible component C of the 
set Z{fi, . . . , /at), and moreover the curve C is not a line, or dim Z{fi, . . . , Jn) > 2 
and /iv+i is an arbitrary polynomial. 

Assume that the first option takes place. According to what was proved above, 
the codimension of the set 

{(/i, . . . , /at) I (/i, . . . , /at+i) e Q} c T^fcf-^) 

is not smaller than 77i + 2(n2 — 1) + 2, if 77i < (that is, if at least one polynomial is a 
cubic one), and 77i + 1, if 77i = A" + 1. It is easy to see that the condition fN+i\c = 0, 
where C is a curve, the linear span of which is of dimension at least 2, imposes on 
the polynomial /at+i at least 5 condition. Therefore, codimQ > codimYiine, as we 
claimed. 

Assume that the second option takes place. Here we may assume that dim Z{fi, . . . , /jv) = 
2. The polynomial Jn+i is an arbitrary one, so swapping f^+i and some polynomial 
fi, i < N, we get the situation considered above. Q.E.D. for proposition 5.1. 

Now consider the set 

consisting of such tuples (/i, . . . , /at+i), that there are i+1 distinct points pi, . . . ,Pi+i G 
Z{f^), such that 

dim < pi, . . . ,Pi+i ><i-l. 
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The following claim is true. 
Proposition 5.2. The equality 

codimy^^ + 2 

holds. 

Proof. For convenience set Yf^ = 0. It is sufficient to show that codim(Yj^\Y^^i) = 
N + 2, that is, we may assume that among the points any i points are linearly 
independent, so that A =< > is a subspace of dimension i — 1. Let us fix A. It 
is easy to see that the linear conditions fj{pi) — are linearly independent, so that 
the set 

{(/i,---,/iv+i) \{pi,. . .,Pi+i} C |^(/*)|} 

has codimension {i + 1)(A^ + !)• The set of tuples {pi, . . . ,Pi+i} C A has dimension 
{i + — 1), whereas the dimension of the projective Grassmanian is i{N — i + 
As a result we get 

codim(r.'^\r.^J ^{i + l){N -i + 2) -i{N + ^ N + 2, 

as we claimed. Q.E.D. for the proposition. 
Propositions 5.1 and 5.2 immediately imply 
Proposition 5.3. For a < N + 1 the equality 

codim{(/i, . . . ,/jv+i) 1 >a} = a 

holds. 

Proof. One may assume that the set |Z'(/*)| is finite and consists of a linearly 
independent points. In that case the claim of the proposition is obvious. Q.E.D. 

5.2. The global multiplicities: the definitions and setting up the problem. 

We start to globalize the local theory, developed in §§2-4. Now, in order to distinguish 
between the local and global multiplicities, for the local multiplicities of the type 
IIi^n{(i, b; d) we write /x|°j^'^'(a, 6; d) etc. Consider the space 

^AT+l — [l^2,N+l) X [y3,N+l) 

of tuples (/i, . . . , fm+i, • • • , /ni+n2)) consisting of rii quadratic and n2 cubic 
polynomials, which we see as polynomials on P-^. Assume that ni+n2 — N +1. Let 

=< /i, . . . , fm > 

be the linear system, generated by the quadratic polynomials, and 

^2{f*) =< fni+1, ■ ■ ■ , fni+n2 > + ^I'^l.Af+l 

be the linear system of cubic polynomials, generated by all polynomials 
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By the symbol Yoo we denote the closed subset of the space "Hj^+i^ > consisting 
of the tuples (/*) with the zero set of positive dimension: dimZ(/*) > 1. According 
to Proposition 5.1, we have codim = ni + 2n2 + 4. Let 

(fi,---, fw+i) e 'Hn+i^\Yoo 

be an arbitrary tuple. 

We write Si = and S2 = T,2{f*), if it is clear, which tuple is meant. 

Consider the set 

X E^-"i C (P2,iV+l)""^ X (P3,iV+l)""^ 

Let {fl, . . . , flf) G S"^ X S^""'^ be a tuple of general position. For an arbitrary 
effective cycle R of pure codimension Z e Z+ on we define the global effective 
multiplicity by the equality 

/^total((/*);^) = ^ /^local((/*);^,P) 

(recall that the set is finite, since the tuple has been chosen outside the 

subset Yoo), where the local multiplicity at the point p is meant in the sense of Sec. 
2.1: 

/^local((/*); R:P) = niultp({//_,i = 0} O . . . O {/i = 0} O i?). 

(Obviously, in the right hand side in brackets we have a zero-dimensional cycle, so 
that multp is the multiplicity of the point p in that cycle.) If it! C is an irreducible 
subvariety of codimension I, then 

/^locai ((/*); R,P) = dimOp,R/(//^i, . . . , A). 

Furthermore, let C "Hj^jJ.'f^^Voo be the set of such tuples (/*), that in the 
finite set of points \ Z{f^) \ one can choose a linearly dependent subset. By Proposition 

5.2, _ 

codimy^ ^ N + 2. 

Therefore, we get the presentation 

^fcr\(^oo U F^) = U Fi U . . . U y^r+i, 

where Ya is a constructive set, such that for every tuple (/*) G Ya the set of zeros 
\Z{f^)\ consists of precisely a G {0, . . . , + 1} linearly independent points. The 
closures Ya are irreducible, the sets Ya are open in their closures and, by Proposition 

5.3, codimFa = a. In particular, Yq C 'H^j!^]li^^ is an open subset. 

As in §2, the symbol jv((i) stands for the Chow variety, parametrizing effective 
cycles of pure codimension / G and degree 0? > 1 on the projective space P^. 
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Define the subset 

by the condition //total ((/*); -R) > m E Z^. This is a closed algebraic subset (for a 
given value i G {0, . . . ,N + 1}). By one and the same symbol Tr-p we denote the 
projection of the direct product x E[/^jv(<^) onto Fj. Since the Chow varieties are 
projective, the image 

is a closed subset. It is clear that Yi and (m, d) are all invariant with respect to 
the action of the group GLn+i{C) of hnear changes of coordinates. Let us consider 
the problem of estimating the codimension 

codim(F,;]^*J(m,(i)cr,). 

Apart from the group GL]\f^i{C), on the space l-L^^l^i^^ ^^^^ group G*(ni, n2)- 
This action is similar to the action of the group G(ni, 712) in the local situation. More 
precisely, the elements g G G*(ni,n2) are triples 

g = (An G GL„,(C), A22 G e Mat(„,,„,)(n,jv+i)), 

here g{fi, . . . , = (/f , . . . , Z^+J, where 

(/f,---,/n^) = (/i,---,/mMii 

and 

(/ni+l> ■ ■ ■ 1 fni+n2) — (fni+l: ■ ■ ■ : f 711+712)^22 + (/l, ■ ■ ■ , /ni)Al2- 



Subsets that are invariant both with respect to linear changes of coordinates and 
the action of the group G*{ni,n2), are, as in the local case, said to be bi-invariant. 

It is obvious that all the sets Y^, Y^, Y^ and 5^;*^^f (m, d) are bi-invariant. 

By construction, the set Yi^'^'f[m, d) consists of such tuples of polynomials (/i, . . . , /at+i) £ 
Kj, that there exists an effective cycle R of pure codimension / and degree d on 
P^, satisfying the inequality /Utotai ((/*); -R) > f^- Similar to the local case, we re- 
formulate the problem of estimating the codimension of the set Yj^'^f^m, d): we will 
maximize the multiplicity m for a fixed codimension. More precisely, let S C 1^ be 
a bi-invariant irreducible subvariety. Set 

//total (5, d) = max{m | B C li;^*J(m, d)} 

(the indices I, N are omitted in the left hand side to simplify the notations). Exphcitly, 

/ttotai(-B,d) = max{/itotai((/*);^)}> 
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the maximum is taken over all effective cycles of degree d and codimension I, and, 
as usual, (/*) G -B is a generic tuple. Finally, set /itotai(^, a, rf) = m, if there exists 
an irreducible bi-invariant subvariety B G Yi of codimension at most a, such that 
/itotai(-B, d) = m, and such a variety does not exist for m + j, j > 1. Assuming the 
codimension a to be fixed, let us estimate the multiplicity m from above. 

5.3. The local and global type of a subvariety of tuples of polynomials. 

Fix an irreducible bi-invariant subvariety B C Yr, r > 1. For a generic (and 
arbitrary) tuple (/*) e B the set theoretic intersection \Z{f^) \ consists of precisely r 
linearly independent points pi, . . . ,pr G (depending on the tuple (/*), of course). 
For a point p e \Z{f^)\ set £p(/*) — h, where 

rk(d/i(p),...,d/^+i(p)) = Ar-6. 

Set hi = Bp^{f^) G Z^,, i = 1, . . . , r. Obviously, the tuple of integers . . . , 6^) G Z!j_ 
does not depend on the choice of the tuple (/*) and makes an invariant of the 
subvariety B. We will assume that the inetegers 6j are ordered: 6i > 62 > ■ ■ ■ > ^'r- 
Definition 5.2. The ordered (non- increasing) tuple of integers (61,..., 6^) is 
called the global type of the bi-invariant subvariety B dYj., the notation: £totai(-B) = 

Set 

= max{j | hj > j, 1 < j < r}, 
if 61 > 1; if 61 = . . . = 6r = 0, then we set r* = 0. Set $(0, . . . , 0) = 0, and for 61 > 1 

$(6i,...,6,) = 5^(6, + l)(6, + l-j). 

Now we have 

Lemma 5.2. The following estimate holds: 

codim(S C Yr) > $(61, ...,br). 

Proof. Ifbi = . . . = br = 0, then there is nothing to prove. So assume that bi > 1. 
By the bi-invariance, it is sufficient to show that for fixed linearly independent points 
Pi, . . . ,Pr £ the estimate 

codim(S(pi, ...,pr)c Yr{pi, . . .,Pr)) > ^{b^) 

holds, where Yr{p^) = {(/*) G Y^ \ {pi, . . . ,pj = |^(/*)|} h ^(p*) ^ BD Yr(p^). 
Furthermore, taking an affine chart C|^^ C P^, we may assume that pi is the 
origin, and for j >2 

p, = (0,...,0,l,0,...,0). 
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where the only unity occupies the (j — l)-th position. The closed subset C 
Yr{p^.) may consist of several irreducible components. Take any component of 
that set, the generic tuple (/*) e in which satisfies the equalities 

^Pi (/*) — ^j" 

Obviously, the lemma will be shown if we prove the inequality 

codim(S+ C Yr{p^)) > $(6,). 

That is what we will do. To simplify the arguments, assume that all polynomials 
are quadratic: if deg = 3, then the arguments work without modification, whereas 
the estimates for the codimension only get stronger (there are more coefficients) . 

Write down explicitly 

fi = 0,1^ Zi + . . . + a^^ZN + 0,^jk^j^k- 

If r > 2, then the condition fiipj) — takes the form of the equalities 

af + a« = 

for all i and j = 1, . . . , r — 1. By the bi-invariance, we may assume that 

rk((i/i(o), . . . , dfN-bi{o)) = N - bi, 

and the linear forms dfi{o) are linear combinations of the first N—bi forms dfi{o), . . . , df^-bi (o) 
for i > — 6i + 1. This gives + 1) independent conditions on the coefficients 
a^"* for i > A/" — 6i + 1, assuming the polynomials /i, . . . , /jv-6 to be fixed. If r = 1, 
then there is nothing more to prove. 

Assume that r > 2 and consider the conditions, associated with the point p2 — 
(1,0, ...,0). Recall that 62 < ^'i- If — 1, there is nothing to prove. Therefore 
we assume that 62 > 2. Again we assume the polynomials fi, . . . , fN-b-z to be fixed 
(which does not contradict the first step of the proof above), so that the linear forms 
dfi{p2), . . . , dfN_b^{p2) are linearly independent, and dfiip^) ior i > N — b2 + 1 are 
their linear combinations. Explicitly, 

dh{p2) = {af + 2aS?)zi + + ^'(j)'r 

By the equahty a'l — —afl the coefficient at Zi is hnearly dependent on the set of 
coefficients a~^\ However, the coefficients af^j were not involved in the conditions, 
associated with the point pi . Therefore, requiring that 

dfi{p2)\{zi=0} e< dfi{p2)\{z^=0}, dfN-b2{P2)\{zi=0} > (28) 
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for i > — ^2 + 1, we impose at least 

(62 + l)(&2-l) 

independent conditions on the coefficients a^j. (The precise number of conditions is 
determined by the dimension of the space in the right hand side of the formula f l28|) : 
if it is equal to — 62, then we get (62 + 1)(&2 — 1) conditions, if it drops by one, 
then we get (62 + 1)&2 conditions.) This completes our consideration of the second 
component (j = 2) of the function $. If r^, = 2, our lemma is shown. 

If > 3, then we continue in the same spirit: arguing by induction, we assume 
that it is shown that the condition 

rk(ci/i(po), . . . , (dfN+iiPa)) = N -ba 

for a = 1, . . . , J imposes on the coefficients ay\ i > N — bi + 1, and a^*], where 
A = 1, . . . , j — 1, k = X + 1, . . . , N and i > N — 6^+1 + 1, in total at least 



5](6a + 1)(&a + 1-A) 



A=l 

independent conditions. If r* = j, then the proof is complete at that step. Otherwise, 
assuming /i, . . . , f'N-bj+i to be fixed, we get that the linear forms 

dfiiPj+i)\{z^=...=^j=o}, i> N - bj+i + 1, 

belong to the linear space 

< c(fl(Pj+l)|{^i=...=z,=0}, • • • , dfN-bj+APj+l)\{zi=...=Zj=Q} > ■ 

This gives at least + l)(&j — j) independent conditions for the new (that is, not 
involved in the previous considerations) coefficients 

a2-+i, . . . , i>N- bj+i + 1. 

Now the inductive step from j to j ' + 1 is constructed and the proof of the lemma is 
complete. 

Corollary 5.1. The following estimate holds: 

^totsiii, a, d) < ^ /xiocai(a-6i,6j;rf). 

<;>{bi,...,bi)+i<a 

Proof. This follows from the previous lemma, the equality codimFj = i and the 
fact that the global multiplicity /Xtotai is computed via the tuples of polynomials, 
whereas the local one /iiocai via the tuples of polynomials. Indeed, if 

-° ^ ' [1,2], AT ^ ' [1,3], AT 
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is a bi-invariant subvariety of codimension a (in the sense of the local theory §§2-4) 
and s{B) = b, where ni -|-n2 = + 1, then the projection [i?]Ar+i of the set B along 
the last direct factor has codimension at most a — b in the space V^^^l^^ x 'P^^!^^^j^^\ 
since for a generic tuple (/i, . . . , Jn+i) E B we have: dfN+i{o) vanishes on a subspace 
of codimension 6, that depends on (/i, . . . , f^) only Now the claim of the corollary 
is obvious. Q.E.D. 

To simplify the notations, we will omit the parameters I and N, the more so that 
our estimates do not depend on those parameters, and write 

l^ioca\{a,b]d) 

instead of yuj°^^'(a, b; d). The values of the parameters I and N are in any case fixed 
in the subsequent arguments. 

5.4. An explicit estimate for the global multiplicity. Now everything is 
ready to obtain an effective estimate for the global multiplicity fitotai{i^,ci,d). Let 
B <Z Yr he an irreducible bi-invariant subvariety, the codimension of which in the 
space T-t^^]!i^^ does not exceed a. In particular, the inequality . . . ,br) + r < a 
holds, where . . . , 6^) — ^{B) is the global type of the subvariety B. 

Proposition 5.4. The following inequality holds: 

r 

Altotal(-B, rf) < ^ Atlocal(a - hi, hi] d). 



Corollary 5.2. (i) The following inequality holds: 



IJ'totai{r, a, d) < max < Aiiocai(a -bi,bi;d) 

^{bi,...,br)+r<a \ ^—^ 



(ii) The following inequality holds: 



/J-totaxir, a,d) <d - [ max <^ f^iocaxia - k, h 

\*(6i,.,6r)+r<a I 




Proof of the corollary. The first inequality follows immediately from Proposition 
5.4 by the definition of the numbers A*totai('") c?)- The claim (ii) follows from (i), 
taking into account Proposition 4.1. Q.E.D. for the corollary. 

Proof of Proposition 5.4. Let (/*) G S be a tuple of general position, 
{pi, . . . ,Pr} — \Z{f^)\ its common zeros, where hi — Sp^{f*), i — l,...,r. The 
inequality of Proposition 5.4 follows from the estimate 

/^local((/*); R,Pi) < Ailocal(a " hi] d) (29) 
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for every effective cycle R of pure codimension / and degree d. It is the last estimate 
that we will prove. 

Set p = Pi and let B{p) (Z B he the closed (in B) subset of tuples [g^,), vanishing 
at the point p. By the bi-invariance of the set B the original tuple (/^,), fixed at the 
beginning of the proof, is a generic tuple of one of the irreducible components 5+ of 
the set B{p), and moreover, the codimension of B^ in the space p^i'"^) coincides 
with codim(i? C T-L^^^^^^) and for that reason does not exceed a (we used the natural 
identification of the linear space of tuples (g^,) G 'H^jJ.'"^^ vanishing at the point p, 
with the space defined in §2). Let 

^- ' N ~^ ' N 

be the projection along the last direct factor and [-B''']Ar the closure of the image 
7r{B~^). By the bi-invariance and the condition £:p(/*) = b, the generic fibre of the 
projection 

has in P[i.3],Af codimension at least b {df^+iip) vanishes on a 6-dimensional linear 
subspace that depends on ci/i, . . . , df^ only). Therefore, the inequality 

codim([5+]jv C p};^'"^-!)) <a-b 

holds, so that the inequality (l29l) is shown. Q.E.D. for Proposition 5.4. 
Set 

Aitotai(a,rf) = max {/itotai(r, a, rf)}. 

l<r<min{a,iV+l} 

Proposition 5.5. For a > 12 the following estimate holds: 

/itotai(a,rf) < 3-2'^-6rf 



Proof. Assume first that a > 21. Since r < a, from the claim (i) of Corollary 
5.2 and the inequality (i) of Corollary 4.3 we get 

g2 /5n[vH 



/.totai(a,rf)<a^^-J d. 

It is easy to check that for a > 21 the right hand side of the last inequality is strictly 
smaller than 3 ■ 2*^^^. This method, however, is very coarse. A mush more precise 
estimate is given by the claim (ii) of corollary 5.2. Set 

/itotai(a) = max max IS^ R{a-bi,h 

l<r<a \^{b,)+r<a 1 
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According to Corollary 5.2, (ii), and Proposition 4.1 the inequality 

l^tota\{a,d) < dptota.i{a) 

holds, so that to complete the proof of Proposition 5.5, it is sufficient to check that 
for 12 < a < 20 the inequahty /itotai(a) < 3 • 2"~^ holds. For small values of the 
codimension a the function //total (a) is easy to compute explicitly, and the results 
(for 1 < a < 36) are given below in the table, which is organized in the following 
way. Each row corresponds to a certain value of a, which is given in the first column. 
In the second column of the same row we give the values of the parameters r (the 
number of points) and bi, . . . ,br, for which the maximum in the definition of the 
function //total is attained. In the third column we give the very value of //total («)■ 



a 




/*total(a) 


1 


r 


= 


l,b^ = 






1 


2 


r 


= 


2, 6i = 62 


= 




2 


3 


r 




3, bi — 62 


= 63 = 




3 


4 


r 


= 


4, 61 = 62 


= 1 




6 


5 


r 


= 


3, bi = 62 


= 63 = 1 




15 


6 


r 


= 


4, 61 = . . 


= 64 = 1 




24 


7 


r 


= 


5, 61 = . . 


= 65 = 1 




35 


8 


r 


= 


6, 61 = . . 


= be = l 
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9 


r 




7. !>, = .. 


= 1)7 = 1 




63 


10 


r 




8, 61 = . . 


= bs = l 




80 


11 


r 




9, 61 = . . 


= 69 = 1 




99 


12 


r 




10, 61 = . 


. . = 610 = 


1 


120 


13 


r 




11, 61 = . 


• . = &11 = 


1 


143 


14 


r 




12, 61 = . 


. . = 612 = 


1 


168 


15 


r 




13, 61 = . 


. . = 613 = 


1 


195 


16 


r 




7, 61 = . . 


= 67 = 2 




308 


17 


r 




8, 61 = . . 


= 68 = 2 




408 


18 


r 




9, 61 = . . 


= 69 = 2 




522 


19 


r 




10, 61 = . 


■ ■ = 610 = 


2 


660 


20 


r 




11, b, = . 


. . = &11 = 


2 


814 


21 


r 




12, 61 = . 


. . = 612 = 


2 


996 


22 


r 




13, 61 = . 


■ ■ = &13 = 


2 


1196 


23 


r 




14, 61 = . 


• • = 614 = 


2 


1428 


24 


r 




15, 61 = . 


. . = 615 = 


2 


1680 


25 


r 




16, bi = . 


. . = 616 = 


2 


1968 


26 


r 




17, hi = . 


. . = ?^17 = 


2 


2278 


27 


r 




18, 61 = . 


. . = 618 = 


2 


2628 



The subsequent values of the function //total are as follows: 

/itotai(28) = 3002, /itotai(29) = 3420, //totai(30) = 3864, 
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Attotai(31) = 4356, /itotai(32) = 4876, /itotai(33) = 5448, 

/itotai(34) = 6050, /itotai(35) = 6708. 

All these values are attained for r = a — 9, 6i = . . . = 6^ = 2. For a = 36 the next 
jump takes place: the maximum is attained for r — 12 and 6i = . . . = 612 = 3 and 
equal to /itotai(36) = 7980. 

According to the table given above, starting from a — 12 the required inequality 

PtotM < 3 ■ 2^'"^ holds. 

This proves the proposition. Q.E.D. 

Finally, from the values of the function /itotai, given in the table, by elementary 
arithmetic we get 

Proposition 5.6. If the triple (a, ni,n2) is one of the following triples: 
(11,5,3), (11,3,4), (11,1,5), (10,2,4), (10,0,5), 
then the following inequality holds: 

Aitotai(a,ci)<2-^+"^-^3'*^-M. 



5.5. Regular complete intersections. Finally, let us prove Theorem 2. Let 

B C P X ("^2^^+^+! ^ '^3,M+k+l) 

be the closed set of "bad" pairs (o, (/*)), where /i(o) = ... = /fc(o) = and at 
least one of the conditions (R1-R3) is violated at this point. Let tti and 7:2 be the 
projections of the direct product on the first (P) and second (the space of tuples of 
k polynomials) factors, respectively. Set B{o) — 7rf^(o) OB. The closed subset B{o) 
is contained in the subspace 

(where we again identify homogeneous polynomials vanishing at the point 0, with 
non- homogeneous polynomials without the free term), and it is sufficient to show 
that its codimension with respect to that subspace is at least M + 1. Indeed, if this 
is the case, then 

codimiS = codim(i3(o) C tTi^{o)) > M + k + 1, 

so that the map 772] g can not be surjective, which immediately implies the claim of 

Theorem 2. 

For the conditions (Rl) and (R2) the inequality 

codim(,B(o) C £(0)) >M + 1 (30) 
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is shown in [2j, taking into account Proposition 5.2. Thus it is sufficient to prove 
the inequahty (l30l) for such tuples (/*) G B{o), which satisfy the conditions (Rl) 
and (R2), but not the condition (R3). Fixing the hnear parts of the polynomials 
fi at the point o, and thus the projectivized tangent space T = we reduce 

the problem to estimating the codimension of the set of tuples of Ui = ki + k2 = k 
quadratic and n2 = k2 cubic homogeneous polynomials 

), (31) 

for which the condition (R3) is not satisfied. However, by Propositions 5.5 and 5.6 
the main inequality ([3]) of the condition (R3) is satisfied for a generic element of 
every subvariety of codimension < M in the space of tuples 

-nxrti ')r)Xn2 
' 2,M ^ ' 3,M 

and every irreducible subvariety i? C T of codimension three. Therefore, the closed 
set of tuples (13T]) . not satisfying the condition (R3), is of codimension at least M + 1. 
This proves the estimate (l30l) and Theorem 2 as well. Q.E.D. 
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